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Abstract

In this paper, we address the behavior of stochastic closed reentrant lines in heavy
trac, i.e., when the population of the resulting closed queueing network increases
without bound. We show that the uid limits of the network can be used to study
the asymptotic throughput in the in nite population limit. As applications of this
technique, the Last Bu er First Serve (LBFS) scheduling policy, and the Harrison{
Wein Balanced policy for two station networks, are shown to be ecient, i.e., that
they attain bottleneck throughput in the in nite population limit. The latter policy
was earlier shown to be ecient for closed networks in Jin, Ou and Kumar [1] using a
di erent approach.
Key Words: Queueing networks, closed networks, throughput, optimal scheduling,
performance evaluation, uid limits.

1 Introduction
Consider a closed queueing network with a population size N . Typically, the objective is to
schedule such networks to maximize the throughput. In this paper we are interested in the
heavy trac behavior, i.e., as N ! 1, of the throughput.
Let u (xn) denote the throughput when the closed network is started with the initial
condition xn , and scheduling policy u is employed. The population size is jxnj. Let 
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denote the maximum throughput sustainable by the network. We say that the scheduling
policy u is ecient if limjxnj!1 u (xn) = . Our goal in this paper is to address the eciency
of scheduling policies.
Our approach is via the \ uid limits" of the closed network. These uid limits (see Dai [2]
and Chen and Mandelbaum [3]) are obtained by suitably scaling the queue lengths in the
network and applying a functional strong law of large numbers to this scaled network to
obtain a limit process. This limit process, called the uid limit, is not unique. However,
every such limit must necessarily obey a set of integral equations.
It is known that by studying such uid limits one can study the stability of open queueing
networks, see Dai [2]. It has been shown by Lu and Kumar [4] that the First Bu er First
Serve (FBFS) policy, the Last Bu er First Serve (LBFS) policy and the Least Slack (LS)
scheduling policy are all stable for open reentrant lines, under a bursty deterministic model.
Using the uid limit approach, Dai [5] has established that the FBFS policy is stable for
stochastic reentrant lines, while Dai and Weiss [6] and Kumar and Kumar [7] have established
the stability of the LBFS policy. Finally, the stability of all Fluctuation Smoothing Policies
for Mean Cycle Time (FSMCT) policies, a special subset of LS policies has been established
in Kumar and Kumar [8].
In this paper we employ the uid limit approach for closed queueing networks. By
studying the integral equations, we can determine a superset of the uid limits. We relate
the throughputs of the uid limits to the asymptotic throughput of the reentrant line. We
thereby obtain sucient conditions for the reentrant line to be ecient, i.e., to achieve the
maximal achievable throughput in the in nite population limit.
We utilize this approach to establish the eciency of certain speci c scheduling policies.
Even though there is no notion of \ rst" or \last bu er" in a closed reentrant line, let us
designate some arbitrary bu er as the \last bu er" and consider the resulting LBFS policy.
We establish that all such LBFS policies are ecient. Lest it be regarded that all policies
which are stable for open networks are also ecient for closed networks, we note that the
FBFS policy is inecient for a closed network as shown in Harrison and Nguyen [9], even
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though it is stable for open networks [5].
For two station closed networks, by studying the relected Brownian motion approximation
of the network, Harrison and Wein [10] have devised a bu er priority policy which they
conjecture is asymptotically optimal in heavy trac. We establish the eciency of this
Harrison{Wein policy for two station closed reentrant lines. Such a result for general two
station closed systems has been shown earlier by Jin, Ou and Kumar [1] using the very
di erent method of functional bounding by linear programs.
In the next section we describe the model of the closed reentrant line. In Section 3 we
discuss the existence of uid limits, and specify the set of integral equations that these limits
satisfy. In Section 4 we de ne the notion of eciency, and obtain conditions on the uid
limits which guarantee it. In Section 5 we re ne the limit for bu er priority policies. In
Section 6 establish the eciency of all LBFS policies, regardless of network topology, for
closed reentrant lines. In Section 7 we establish the eciency of the Harrison{Wein policy
for two station networks. Finally, we provide some examples of networks with inecient
uid ows in Section 8.

2 The stochastic closed reentrant line model
The network we consider consists of S servers labeled f1; 2; . . . ; S g. Customers begin processing at bu er b1, located at server (1) 2 f1; . . . ; S g. Upon completing service, they proceed
to bu er b2 located at server (2) 2 f1; . . . ; S g. Let bL at server (L) be the last bu er
visited. The sequence f(1); . . . ; (L)g is the route of the customer. Since one may have
(i) = (j ) for some pairs i and j with i 6= j , we say that the system is a re-entrant line. Let
us suppose that customers in bu er bi require i.i.d. service times with mean 1=i = mi < 1,
from server (i). At the same time that a customer completes service at bu er bL, a new
customer is released into bu er b1. This is what is termed as a \closed loop" release policy
in manufacturing [11,12], and a \window" based admission policy in communication networks [13,14]. The end result is a closed network with a xed population size, denoted by
N . In a closed network, one cannot really talk of an exit or entry point, but, for conve3

nience, we will continue to call bL as the \last bu er." The goal is to maximize the rate of
departures from bu er bL, which we will call the \throughput" hereafter. For each server
 2 f1; 2; . . . ; S g, de ne
0
1

X

 :=  @

where

f1kL; (k)=g

mk A ;

P 1

:
(1)
max2f1;2;:::;Sg f1kL; (k)=g mk
We call  the nominal load on server , and  the bottleneck or maximal throughput. We
note that the long term rate of departures from bL can never exceed . Any server 
achieving the \max" on the RHS of (1) will be called a bottleneck. We assume that the
scheduling policy employed is non{idling; that is, a server cannot be idle when any of its
bu ers is non{empty, and stationary; that is, the policy depends only on the current bu er
lengths. If a priority policy is used, we assume that it is preemptive resume.
 :=

3 The uid limits
In this section, we de ne the uid limits and describe the integral equations which they must
satisfy. With the sole exception that the network is closed rather than open, all the results
in this section are the same as in [5]. First we introduce the notation and some preliminaries.
Let Qk (t) denote the queue length, and vk (t) the residual service time at bu er bk at time
t. Let Dk (t) denote the number of departures from bu er bk in [0; t]. Then, Ak (t), the total
number of arrivals to bu er bk in [0; t], including the initial condition, is given by:

A1(t) = Q1(0) + DL (t);
Ak (t) = Qk (0) + Dk 1 (t); k = 2; . . . ; L:
Immediately, we have

Qk (t) = Ak (t) Dk (t):

Let Tk (t) be the amount of time in [0; t] that (k) spends working on bk , and let B (t) :=
fj :1j L; and (j )=g Tj (t) be the amount of time server  was busy in [0; t]. Let I (t) :=

P
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t B (t) denote the idle time of . Because of the non{idling assumption, we have
20
1 3
Z 1 6B
X
Qj (t)C
(2)
@
4
A ^ 175 dI (t) = 0:
0
fj : 1j L and (j )=g
The state of the system is given by X (t) := (Q1(t); . . . ; QL(t); v1(t); . . . ; vL(t)). For
x = (q1; :::; qL; v1; :::; vL) we de ne jxj := PLk=1 (qk + vk ). In the sequel, we shall denote
explicit dependence on an initial condition x by adding a superscript x to the variable of
interest. For any function f , let
fx (t) := jx1j f x(jxjt); for t  0 and x > 0;
denote its scaled version. This is the so{called \ uid scaling."
For simplicity, we make the additional assumption that all the service time distributions
are exponential. This allows us to ignore the e ects of vk. The state x(t) is then rede ned
to consists only of the queue lengths (Q1(t); . . . ; QL(t)), and jQ(t)j := PLi=1 Qi(t)  N .
For each initial condition xn , we consider the resulting vector
process (D xn ; Axn ; Q xn ; T xn ; Ixn ) as an element of DRd [0; 1), the space of Rd -valued right
continuous paths with left limits, endowed with the Skorohod topology. Thus we can de ne
the countable collection of DRd -valued variables (one for each xn ) on a common probability
space. This is the probability space with respect to which all the results in the sequel are
stated.
First, we state a result which is about the same as that of Dai [5]. It is the closed network
version of Theorem 4.4 given in [5] for open networks.

Theorem 1 Almost surely, the following holds. For every sequence of initial conditions with
jxnj ! 1, there exists a further subsequence xnl such that along this subsequence, as l ! 1,
 A;
 Q;
 T;
 I);
(D xnl ; Axnl ; Q xnl ; T xnl ; Ixnl ) ) (D;

(3)

where \)" denotes uniform convergence on compacts. Furthermore, the limit processes,
called the uid limits, satisfy:

D k (t) = k T(t);

(4)
5

A1(t) = q1 + D L (t);
Ak(t) = qk + D k 1 (t); k  2;
Q k (t) = Ak (t) D k (t);
X
I(t) = t
Tj (t);

(5)
(6)

fj :1j L and (j )=g
0  Tk (t1)  Tk (t2) and 0  I (t1)  I (t2)

(7)
(8)
if t1  t2 ;

(9)

jI(t0) I (s)j  jt sj; jTk(t) T1k (s)j  jt sj; and Q k (t) is also Lipschitz; (10)
Z 1B
@
0
and

X

fj :1j L and (j )=g
L
X
qk = 1:
k=1

Q j (t) ^ 1C
A dI (t) = 0;

(11)
(12)

Proof The equality (4) follows from the renewal theorem. Also see Lemma 4.1 of [2] to

conclude uniform convergence on compacts. Since

jTkxn (t) Tkxn (s)j  jt sj; for all xn;
fTkxn g is relatively compact in DR [0; 1); see Ethier and Kurtz [15], Theorem 6.3, p.123.

Therefore there is a convergent subsequence in the Skorohod topology. Since the limit is
continuous, it follows that the convergence is uniform on compacts, see [15]. The other
quantities, namely Axkn (t), Q xkn (t) and Ixn (t), depend on D kxn (t) and Tkxn (t) in an ane
fashion, and hence contain convergent subsequences by the continuous mapping theorem.
The equations (5{9) follow from the fact that they hold for every sample path of the
scaled processes. The result (10) is also immediate. The result (12) follows from the scaling


by jxnj. Only (11) needs justi cation. For this, note that Pfj:1jL and (j)=g Q xj n (t) ^ 1
is continuous in Q xj n (t), and Ixn (t) is continuous and nondecreasing. So by Lemma 2.4 of
Dai and Williams [16],

0
Z tB
@
0

X

0
1
Z
t
Q xj nl (s) ^ 1C
A dIxnl (s) ! 0 B@

and (j)=g
for all t. This and (2) yield (11).
fj :1j L
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X
fj :1j L

and (j)=g

1
Q j (s) ^ 1C
A dI (s);

2.

It should be noted that the derivatives of the processes Ai, Q i, D i and I exist at a.e. t.
Such times of di erentiablity are called \regular times," as in Dai and Weiss [6].

4 Fluid limit sucient condition for eciency
In this section we de ne the notion of \eciency" and provide sucient conditions for it in
terms of the throughput of the uid limit.
Given a stationary scheduling policy u and an initial state x, we de ne the throughput
u (x) as
E [Dx (T )] :
u (x) := Tlim
!1
T

De nition The stationary scheduling policy u1 is said to be ecient if for every sequence
of initial conditions xn with jxnj " 1, we have
u

lim
xn  (xn ) = 

(13)

where  is de ned in (1).
The next lemma provides a sucient condition for eciency based on calculating the
limits in the opposite order to (13).

Lemma 1 If for every sequence xn with jxnj " 1
xn (jx jt)
D
n
L
 a.s.,
lim
inf limxninf


t!1
jxnjt

(14)

then (13) also holds for every such sequence.

Proof Consider a sequence xn with jxnj " 1. For every xn , let x0n be a state with the same
population size, and lying in a closed communicating class with the least throughput, i.e.,

jxnj = jx0nj and u (x0n) = fyn: jmin
u (yn ):
yn j=jxn jg
1

(15)

More precisely, there is a sequence of stationary, non-idling scheduling policies, one for each jxnj = N .
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Since x0n is in a closed communicating class,
x0n (T )
D
= u (x0n) a.s.
(16)
lim
T !1 T
Fix ! a sample point in our probability space, outside of a set of zero measure excluded
0
in (14) above. Let DLxn be the sequence of DR-valued variables corresponding to !. Then,
from (14) above applied to the sequence x0n , given any x0n, T and  > 0, we can nd x0nl with
jx0nl j  jxnj and T 0  T such that,
0

DLxnl (jx0nl jT 0) 
jx0nl jT 0   :
So we have
From (16), we thus obtain

0

xn
lim 0sup lim sup DLT(T )   a.s.
T !1
xn

lim 0sup u (x0n)   a.s.
xn

Then from (15) we have, for every sequence xn with jxnj " 1,
limx sup (xn )  :

(17)

limxninf (xn )  ;

(18)

n

Hence

and the result (13) follows since (x)   for every x.
2
We are now ready to prove the main sucient condition for eciency, which is that all
the uid limits have maximal throughput.

Theorem 2 Suppose that for every uid limit D L(t)
D L (t)   a.s.
lim
inf
t!1
t
Then (14) holds, and hence the stationary non-idling scheduling policy u is ecient.

8

(19)

Proof Fix ! a sample point in our probability space, outside of the set of zero measure
excluded in Lemma 1. Let DLxn , jxnj " 1, be the sequence of DR -valued variables corre-

sponding to !. For brevity we will omit the explicit dependence on !. Let D Lxnk be any
convergent subsequence, converging to D L . Fix  > 0 arbitrary. Then from (19), 9t1 < 1
such that 8t > t1,
D L(t)   :
t
Moreover, from Theorem 1, for every t, 9K (t; ) such that for all k > K ,
DLxnk (jxnk jt) D (t) < :
L
jxnk j
Hence,
DLxnk (jxnk jt)   (1 + 1 ) for all t > t and k > K (t; ):
1
jx jt
t

So,

nk

(20)

xnk
limxn inf DL jx(jxjntk jt)   (1 + 1t ):
nk

k

Since this holds for all t > t1, we have

DLxnk (jxnk jt)   :
lim
inf
lim
inf
xn
t!1
jx jt
nk

k

Since  was arbitrary, we have

DLxnk (jxnk jt)   :
lim
inf
lim
inf
xn
t!1
jx jt
nk

k

The above holds for almost all !, and hence the result follows.

2

5 Bu er priority policies
Consider a bu er priority policy u. Note that it is stationary and non-idling, and also, as
shown in Jin, Ou and Kumar [1], there is a single communicating class.
We use the notation \bk  bl" if (k) = (l), k 6= l, and bk has higher priority than bl.
Let Hk := f1  j  L j bj  bk g [ fkg denote the set of bu ers having at least as high a
priority as bk , and let
X
Tj (t);
Uk (t) := t
j 2Hk
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denote the time not spent working on them respectively. The following lemma identi es
additional constraints satis ed by the uid limits of the bu er priority policy u.

Lemma 2 For every sequence of initial conditions xn with jxnj " 1, there exists a subsequence xnl such that Ukxnl (t) ! Uk (t) in the sense of Theorem 1, i.e., almost sure convergence
uniformly on compacts. Furthermore, the uid limits satisfy the additional constraints:

X 
Tj (t);
Uk (t) = t
j 2Hk

0  Tk(t)  Uj (t)  t for all j 2 Hk ; j 6= k
0  0Uk (t1)  Uk (t2)1if t1  t2;
Z1 X
@ Q j (t) ^ 1A dUk (t) = 0;
0
j 2Hk

(21)
(22)
(23)
(24)

2

Proof Identical to that of Theorem 1.

Now we can provide a sucient condition based on Theorem 2 which depends only on
the solutions to the constraints (4{12) and (21{24).

Theorem 3 (i) Suppose every solution D L(t) of (4{12, 21{24) satis es
D L(t)  :
lim
inf
t!1
t

(25)

Then the bu er priority scheduling policy u is ecient.
(ii) If for every solution D L (t) of (4{12, 21{24), there exists a time T < 1 such that

d D (t)   for almost every t > T;
dt L
then the bu er priority scheduling policy u is ecient.

(26)

Proof The result (i) is immediate from Theorem 2 using the fact that the uid limits
almost surely satisfy (4{12, 21{24). The result (ii) follows by noting that (26) implies (25).

2
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6 Eciency of all LBFS policies
In this section, we utilize Theorem 3(ii) to establish that the Last Bu er First Serve (LBFS)
policy is ecient for all closed reentrant lines, regardless of network topology.
The LBFS scheduling policy functions as follows. If bu ers bj and bk share the same
server, i.e., (j ) = (k), and j < k, then priority is given to bk . Therefore if k < L, bk can
be worked on by (k) only if bj = 0 for all j = k + 1; . . . ; L; with (j ) = (k). Note that
bL is never preempted. One should note that if a di erent bu er had been chosen as the
\ rst" bu er b1, then one obtains a di erent policy. The following theorem applies to all the
resulting LBFS policies.

Theorem 4 Every LBFS policy is ecient.
Proof We shall prove this using Theorem 3(ii). Let  be a bottleneck server, i.e.,
X

fj : 1j L and (j )= g
 is unique. We will

First, let us assume that
the lowest indexed bu er at , i.e.,

mj = 1 ;
relax this assumption later. Let bk be

bk = minfj : 1  j  L and (j ) = g:
Then we claim that 9 T < 1 such that for all t > T , Q k (t) = 0 for all k 6= k, and Q k (t) = 1.
By Dai and Weiss [6], Prop. 4.22, this in turn implies that for all k = 1; 2; :::; L, and almost
all t > T ,
d D (t) = ;
dt k
thus establishing (26).
We now prove the claim that there exists T < 1 such that Q k (t) = 0 for all k 6= k and
Q k (t) = 1, for all t > T . The arguments in the proof will be very similar to those in Kumar
and Kumar [7] and Dai and Weiss [6].
Though [6] deals with uid limits of open networks, their proposition can be adapted to closed networks
with the modi cation that d0(t) = dL(t).
2
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Suppose k = L. This implies in particular that bL is the only bu er served by (L).
Consider X (t) := PLk=11 Q k (t) at a regular time t. Note that bL 1 has highest priority at
(L 1) since (L 1) 6= (L) by assumption. Then, since (L) is the bottleneck and the
only bu er it serves is bL, for almost all t such that Q L 1(t) > 0, we have

d X (t)    < 0:
L
L 1
dt
So by Lemma 2.2 of [6], 9 tL 1  L 1 L such that QL 1(tL 1) = 0. Arguing as in Lemmas
2 and 3 of [7], de ne
X
k := maxfi < L 1 j
mj  mL 1g
fj : ij L and (j )=(i)g
if the set on the right hand side is non{empty, and k := 0 otherwise. As shown in [7], it
follows that
Q k+1(tL 1 + ) =    = Q L 1(tL 1 + ) = 0; for all   0:
1

This argument can be iterated backwards from bk . First we observe that there exists a
time tk such that Q k (tk ) = 0, noting that the input rate to the section fb1; :::; bkg is no larger
1
than  while the output rate from bk is P
> . Then at time tk we
fi kiL and  i  k g mi
identify a k0 such that
:

k0 = max fj < kj

X

( )= ( )

mi 

X

mng:
and (i)=(j)g
fn:knL and (n)=(k)g
We argue that bk0+1; :::; bk are empty at tk and remain empty thereafter. The arguments are
identical to those in [7] and are omitted. Iterating backwards from bk0 completes the proof,
when we reach b1, leading to
fi:j iL

Q 1(t1 + ) =    = Q L 1(t1 + ) = 0 for all   0:

(27)

Suppose k < L. Then it is enough to show that there is a tk+1 < 1 such that

Q k+1(t) =    = Q L(t) = 0 for all t  tk+1 :
12

(28)

All we would then have left to do for t  tk+1 is to apply the case when k = L to the
section b1; b2; :::; bk with j for j = 1; 2; :::; k being replaced by

0
~j := j B
@1

X
and (i)=(j)g

fi: i>j

1
miC
A:

See (16) of [7] for the idea behind this argument. Now we prove (28). The key idea is the
following. Suppose at a regular time  , for some j > k, Q j ( ) > 0 and Q j+1( ) = Q j+2( ) =
   = Q L( ) = 0. Then under LBFS,

d D ( )  P
1
> :
L
m
dt
i
fi:j iL and (i)=(j )g

Since this exit rate cannot be sustained for almost all   t, it follows that at some tk+1 ,

Q k+1(tk+1) =    = Q L(tk+1) = 0:
Moreover as shown in Lemma 3 of [7], this imples (28).
Let us now relax the assumption that the bottleneck server is unique. Suppose that
there are exactly two bottleneck servers. Suppose k1 and k2 are the lowest priority bu ers
at bottleneck servers 1 and 2 respectively, and k1 > k2. Then we proceed as follows,
imitating the arguments above. For brevity, we will not repeat the arguments and we will
con ne ourselves to indicating the sections which empty. The exact same argument as leading
to (28) shows that there exists a tk+1 < 1 such that
1

Q k+1(tk+1 + ) =    = Q L(tk+1) = 0 for all   0:
1

1

1

Now consider the section bk+1; ::::; bk 1. Using the same argument as that leading to (27),
we see that there exists a T1 < 1 such that
2

1

Q k+1(T1 + ) =    = Q k 1 (T1 + ) = 0 for all   0:
2

1

Finally, we consider the section b1; :::; bk 1. The input rate to this section cannot exceed
 after tk+1. Also note that there is no bu er of higher priority than bu ers b1; :::; ; bk 1
2

1

2
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which is nonempty after T1. Once again, using the arguments leading to (27), we see that
there exists a T2 < 1 such that

Q 1(T2 + ) =    = Q k 1(T2 + ) = 0 for all   0:
2

Thus we have shown that there exists a T 0 < 1 such that

X
fk:k6=k1

and so for all   0,

and k6=kg

Q k (T 0 + ) = 0 for all   0;

2

Q k (T 0 + ) + Q k (T 0 + ) = 1:
1

2

By applying Dai and Weiss [6], Prop. 4.2, we obtain the result. The extension to any number
of bottleneck servers is immediate.
2

7 Eciency of the Harrison{Wein policy
For closed queueing networks with two servers, Harrison and Wein [10] have examined the
re ected Brownian motion approximation associated with the heavy trac scenario, and
conjectured that a particular bu er priority policy provides maximal throughput in the
in nite population limit. In this section we prove the eciency of their bu er priority policy
for closed reentrant lines with two servers.
To describe their policy, it is convenient to imagine that when a customer leaves bL, it
exits from the system only to be replaced by a new customer in b1. (As mentioned in Section
2, closed queueing networks arise from such window based admission control strategies).
Consider a customer in bu er bi. Then

X

mj
and (j)=g
is the mean amount of work on a customer in bi still remaining to be done by server  prior
to the customer's exit from bL. Also let  := M;1 be the relative utilization of server . At
the rst server,  = 1, rank the bu ers to give higher priority to bu ers with smaller values
M;i :=

fj :ij L
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of the index

j := 2M1;j 1M2;j :

At the second server ( = 2) rank the bu ers to give higher priority to bu ers with larger
values of the index j . The resulting bu er priority policy is enforced in a preemptive
resume fashion and will be called the Harrison{Wein policy hereafter. It is worth noting
that the priority policy is invariant with respect to choice of the last bu er, unlike LBFS.
The following result has been established in Jin, Ou and Kumar [1] for general stochastic
reentrant lines using a di erent approach based on functional bounding by linear programs.

Theorem 5 The Harrison{Wein policy for two server networks is ecient.
Proof This proof uses Theorem 3(i). In the sequel we will use the notation
dk (t) := dtd D k (t);
to denote the derivative at the regular time t when the derivative exists.
First we provide a sucient condition for (25).

Lemma 3 If

I (t) = 0 for all t; for some  2 f1; 2; :::S g;

(29)

for a solution of (4{12, 21{24), i.e., if one of the servers never idles, then the solution
satis es (25).

Proof Suppose I1(t) = 0 for all t. This means that dtd I1(t) = 0 at every regular t. This

leads us to conclude that at any regular t, we have

X
fk:(k)=1g

That is,

ZT

X

0 fk:(k)=1g

mk dk (t) = 1:

mk dk (t) dt = T for all T  0:
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Now assume (25) does not hold, that is,
D L (t) < :
lim
inf
t!1
t
This means that for a xed  > 0 suciently small, for any T , we can nd a T 0  T such
that D L(T 0) < ( )T 0. But, Q L(T 0) = qL + D L 1 (T 0) D L (T 0) and Q L(T 0)  1. So
D L 1 (T 0)  ( )T 0 + 1. Continuing this argument, using Q L 1(T 0) + Q L(T 0)  1, we get
D L 2  ( )T 0 + 1 and so on, to yield

D k (T 0)  ( )T 0 + 1; for all k = 1; 2; :::; L:
Also, we have

Z T0 X

Thus, as argued above,

T0 =

0 fk:(k)=1g

X
fk:(k)=1g

mk dk (t) dt =

X
fk:(k)=1g

mk Dk (T 0):

0
1
X
mk Dk (T 0)  @
mk A [( )T 0 + 1] :
fk:(k)=1g
T 0 suciently large

But Pfk:(k)=1g mk   1, and by choosing
we obtain T 0 > 1, leading
to a contradiction. Thus (25) must hold.
2
The next result identi es some properties of the priority ordering used in the Harrison{
Wein policy.

Lemma 4 Under the Harrison{Wein policy, the following are true.
(i) If (k ) = ((k + 1) mod L) then b(k+1)modL  bk .
(ii) If j  i 1, (j ) = 1 and bj  bi , then

X

fk:j ki 1;(k)=2g

mk  2

1 fk:j ki 1;(k)=1g

(iii) If j  i + 1, (j ) = 1 and bj  bi , then

X
fk:j kL;(k)=2g

mk +

mk :

2
3
X
X

24
mk  
mk +
mk 5 :
1
1;(k)=2g
fk:j kL;(k)=1g
fk:1ki 1;(k)=1g

X
fk:1ki

X

Above, empty sums are taken to be zero.
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Proof (i) If (k) = (k +1) = 1 for some k 2 f1; 2; :::; L 1g, then k = k+1 + 2mk > k+1

and so bk+1 always has higher priority than bk . Similarly, if (k) = (k + 1) = 2, for some
k 2 f1; 2; :::; L 1g, then k = k+1 1mk < k+1 and so bk+1 again has higher priority
than bk . If (1) = (L) = 1, then 0 = 1 < L = 2mL and so b1 has higher priority than
bL. The result for the case when (1) = (L) = 2 is obtained similarly.
(ii) (j ) = (i) = 1 and bj  bi imply j  i, and so we have

2

X

fk:j kL;(k)=1g

mk 1

from which we get

2

X

fk:j kL;(k)=2g

X
fk:j ki 1;(k)=1g

mk  2

mk  1

X

fk:ikL;(k)=1g

mk 1

X
fk:j ki 1;(k)=2g

X

fk:ikL;(k)=2g

mk l;

mk :

Then (ii) is immediate.
(iii) As before, (j ) = (i) = 1 and bj  bi imply i  j , and so

2
Thus,

12 2

X

fk:ikj 1;(k)=1g

X
fk:ikj 1;(k)=1g

mk  1

X

fk:ikj 1;(k)=2g

mk  12 1

mk :

X
fk:ikj 1;(k)=2g

mk ;

from which (iii) follows.
2
Now we are ready to prove (29). Let us assume without loss of generality that 1  2,
i.e, server 1 is faster. Then we claim that I2(t) = 0 for all t, for all solutions to (4{12, 21{24).
Suppose not. Then for some regular t, we must have
d I (t) > 0:
dt 2
For this to happen, from (21{24) and Proposition 4.2 of Dai and Weiss [6], we must have
P
 k (t) = 0 and dk (t) = d(k 1)modL(t) for all 1  k  L such that (k) = 2.
fk:1kL;(k)=2g Q
Necessarily, it must also be true that

X

fk:1kL;(k)=2g

mk dk (t) < 1:
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Now, Pfk:1kL;(k)=1g Q k (t) = 1, and so

X
fk:1kL;(k)=1g

Thus,

X
fk:1kL;(k)=2g

mk dk (t)

mk dk (t) = 1:

X
fk:1kL;(k)=1g

mk dk (t) < 0:

(30)

At the regular time t, let bk be the highest priority nonempty bu er at server 1.
If bk is the lowest priority bu er at server 1, then we must have dj (t) = d(j 1)modL (t)
for all j 6= k, since every other bu er in the network must be empty (recall that server 2 is
empty). Thus, dj (t) = dk (t) for all j . Hence (30) yields

0
@

X
fk:1kL;(k)=2g

mj

X
fk:1kL;(k)=1g

1
mj A dk (t) = (2 1)dk (t) < 0;

which however cannot hold because 1  2.
Thus bk is not the lowest priority bu er at server 1. Let bl be the rst bu er at server
1 which is of lower priority than bk , encountered as we traverse the network in the order
bk , bk+1, ... wrapping around at bL if need be. Now there are only two possibilities
because of Lemma 4(i), either l > k + 1 or l  k 1. In the rst case, l > k + 1,
we must have dk (t) = dk +1(t) =    = dl 1(t); dl(t) = dl+1 (t) =    = dL(t) = 0 and
d1(t) = d2(t) =    = dk 1(t) = 0. Thus (30) becomes

0
@

X
fj :k j l 1;(j )=2g

mj

X
fj :k j l 1;(j )=1g

1
mj A dk (t) < 0:

But from Lemma 4(ii), since l > k + 1,

X
fj :k j l 1;(j )=2g

mj  2

X

1 fj :k j l 1;(j )=1g

mj 

X
fj :kj l 1;(j )=1g

mj ;

and therefore (30) cannot hold.
Last, we consider the case when l  k 1. Then dk (t) = dk +1(t) =    = dL (t);
d1(t) = d2(t) =    = dl 1 (t) = dk (t) (this second set of equations is, of course, irrelevant
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when l = 1), and dl(t) = dl+1 (t) =    = dk 1(t) = 0. Thus (30) becomes

0
@

X
fj :kj L;(j )=2g

mj +

X
fj :1j l 1;(j )=2g

mj

X
fj :k j L;(j )=1g

mj

X
fj :1j l 1;(j )=1g

1
mj A dk (t) < 0:
(31)

But from Lemma 4(iii) we have

X
fj :k j L;(j )=2g

mj +

2
3
X
X

mj  2 4
mj +
mj 5
1

1;(j )=2g
fj :k j L;(j )=1g
fj :1j l 1;(j )=1g
X
X

mj +
mj ;

X
fj :1j l

fj :k j L;(j )=1g

fj :1j l 1;(j )=1g

and so (31) cannot hold.
Thus, in all cases (30) cannot hold, and so

d I (t) = 0 for all regular t;
dt 2
thus completing the proof.

2

8 Inecient reentrant lines
In this section, we give two examples of reentrant lines for which the integral equations
(4{12) and (21{24) admit solutions which do not satisfy (25). This does not rule out the
possibility that the actual uid limits still satisfy (25).
The rst example is similar to that of Harrison and Nguyen [9], which is the closed version
of the examples in Kumar and Seidman [17] and Lu and Kumar [4], and is a counterexample
to the conjecture that if all uid limits of an open reentrant line under a bu er priority
policy with Poisson arrivals empty in nite time, i.e, are stable, then all uid limits of the
corresponding closed reentrant line operated under the same bu er priority policy satisfy
(25). The second example shows that the topology constraint that there are no self-loops,
i.e., (k) 6= (k + 1), is not enough to guarantee (25) in two server lines. This demonstrates
that even in the two server case when self loops are not the problem, alternate blocking and
starvation leading to inecient utilization could well be a problem. The second example
19

-

m2=0.2
-

m1=1


Entry/Exit

m3 =1

m4=0.2

Figure 1: System of Example 1 under FBFS

Time
0
0:2
1:0
1:2
2:0

State
(0; 1; 0; 0)
(0; 0; 0:8; 0:2)
(0; 0; 0; 1)
(0:8; 0:2; 0; 0)
(0; 1; 0; 0)

Table 1: Inecient trajectory for Example 1
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m1=1
-

m2=0.02
-

m3=0.01
-

m5=0.1
-

m4=0.5
-

-

m6=0.02

Figure 2: System of Example 2 without self-loops
also shows that even if there is only one bottleneck in a system, the uid ows still need not
satisfy (25).

Example 1 The FBFS bu er priority policy can admit an inecient solution to the uid

limit integral equations.

Consider the closed reentrant line shown in Figure 1. Here m1 = m3 = 1 and m2 = m4 = 0:2.
So  = 1=1:2. The scheduling policy used is the FBFS policy which was shown to be stable
in the open stochastic case by Dai [5]. So b1  b2 and b3  b4. Consider the initial condition
q = (0; 1; 0; 0). Then we can construct a piecewise linear trajectory which evolves as shown
in Table 1.
Thus we see that D Lt(t) ! 1=2 <  = 1=1:2, proving that (25) does not hold for this
trajectory. Thus, in the closed case, with suitable choice of the \ rst" bu er, the FBFS
policy can lead to inecient uid ows.

Example 2 Two server reentrant lines without self loops can admit an inecient solution
to the uid limit integral equations.

Consider the system shown in Figure 2, with the bu er priority policy b1  b5  b3 and
b4  b2  b6. The processing times are m1 = 1, m2 = 0:02, m3 = 0:01, m4 = 0:5, m5 = 0:1,
21

Time
0
0:0125
0:5
0:5 + 1=49
1:5

State
(0; 0; 1; 0; 0; 0)
(0; 0; 0; 0:975; 0; 0:025)
(0; 0; 0; 0; 0; 1)
(1 1=49; 0; 1=49; 0; 0; 0)
(0; 0; 1; 0; 0; 0)

Table 2: Inecient trajectory for Example 2
and m6 = 0:02. So  = 1=1:11. An inecient piecewise linear trajectory which satis es the
integral equations is shown in Table 2 (with its breakpoints).
Thus we see that D Lt(t) ! 1=1:5 < 1=1:11 and hence (25) cannot be satis ed.

9 Concluding remarks
We have investigated the uid limit approach for analyzing the heavy trac behavior of
closed queueing networks. We have shown that the eciency of such networks can be established by studying the throughput of the uid limits. Using the uid limit approach, we have
proved the eciency of two bu er priority schemes, the Last Bu er First Serve policy for
general closed reentrant lines, and the Harrison{Wein bu er priority policy for two station
closed reentrant lines. We have also presented examples which illustrate how ineciency
can arise in closed reentrant lines and shown that bu er priority policies which lead to stable uid ows in an open network may still ineciently utilize servers in the corresponding
closed uid ow network.
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