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We propose a new technique for upper and lower bounding the throughput and
blocking probabilities in queueing networks with bu er capacity constraints, i.e,
some bu ers in the network have nite capacity. By studying the evolution of
multinomials of the state of the system in its assumed steady state, we obtain
constraints on the possible behavior of the system. Using these constraints, we
obtain linear programs whose values upper and lower bound the performance
measures of interest, namely throughputs or blocking probabilities. The main
advantages of this new technique are that the computational complexity does not
increase with the size of the nite bu ers and that the technique is applicable to
systems in which some bu ers have in nite capacity. The technique is demonstrated on examples taken from both manufacturing systems and communication
networks. As a special case, for the M/M/s/s queue, we establish the asymptotic
exactness of the bounds, i.e, that the bounds on the blocking probability asymptotically approach the exact value as the degree of the multinomials considered is
increased to in nity.
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1 Introduction
The study of queueing networks with bu er capacity constraints, i.e., with nite bu ers,
has quite a long history [15, 7]. Unfortunately, there is a dearth of results that are both
de nitive and useful in this area. Most of the proposed techniques su er from one of the
following two drawbacks. First, some of the techniques scale very poorly with the size of
the bu ers and thus su er from high computational complexity. Second, techniques which
attempt to avoid the rst drawback tend to be approximations (mainly aggregations and
decompositions) which are not always theoretically justi ed and whose reliability cannot
always be established.
In this paper, we propose a new technique for estimating the performance of queueing
networks with bu er capacity constraints i.e, queueing networks in which some of the
bu ers have nite capacity. Two performance measures of interest for such systems are
the throughput and the blocking probabilities of various customer classes. Our technique
allows us to obtain upper and lower bounds on such performance measures for a wide
variety of systems.
The proposed technique extends the technique of obtaining bounds on the mean delay
and throughput of queueing networks described in [10]. It can be described as follows.
Assuming the existence of a steady state, we study the evolution of multinomials of the
state of the system in steady state. Knowing that such multinomials, if integrable with
respect to the invariant measure, cannot evolve in the mean, we obtain constraints on
the possible behavior of the system. Using these constraints, with a suitable choice of
variables, we obtain linear programs whose values upper and lower bound the performance
measures of interest, namely throughput or blocking probabilities. This di ers from [10]
in that the performance measures on which bounds are obtained are probabilities, and in
that multinomials rather than quadratics are used.
The main advantage of this new technique is that the computational complexity does
not increase with the size of the nite bu ers. Also, the technique is applicable to systems
in which some bu ers have in nite capacity. In some cases the bounds obtained are
asymptotically exact, i.e., they approach the exact value as the degree of the multinomial
considered increases. Another advantage of the method is that the main computation
involved is the solution of a linear program which is rather routine with current software.
In Section 2, we present the model of the queueing network with capacity constraints
which will be used in this paper. The model is suciently general to incorporate various
problems of interest in both manufacturing systems and communication networks. In
Section 3, we discuss the main idea behind the technique and obtain the basic linear
programs. In Section 4, we illustrate the technique on some examples. First, we obtain
bounds on the throughput of a two machine open reentrant line in which two of the bu ers
are in nite and one bu er has nite capacity. Second, we show that the the bounds
are aymptotically exact for an M=M=s=s loss model. While the blocking probability of
M=M=s=s system is given by the classical Erlang-B formula, the purpose of choosing
this example is to illustrate how one might prove that the the bounds are asymptotically
exact and how ecient recursions for the bounds can be constructed using the analytic
solution of the LP's. Third, we consider tandem nite bu er queues with Poisson arrivals
to illustrate the possibility that the bounds can give the exact throughput in a nite
number of steps in some cases. We present a conjecture that in the case of the two
stage tandem queue, the LP bounds achieve the exact value when some large but nite
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number of multinomials are considered. Next, we consider a single nite-bu er queue
with Markov-modulated Poisson input to illustrate the fact that the bounds can be useful
for non-Poisson arrival processes. Finally, we apply the technique to study a problem of
interest in communication networks. We consider a multiserver link accessed by two call
classes whose admission is controlled by a trunk reservation scheme, and obtain lower
and upper bounds for the blocking probabilities of both classes. We present an example
of a multirate communication link where the LP bounds out perform the commonly used
approximation suggested by Bean, Gibbens and Zachary (BGZ) [1]. However, in most
cases, the LP bounds do not perform better than the BGZ approximation, suggesting the
need for further work on re ning the LP bounds. Finally, in Section 5, we present some
conclusions and directions for future work.

2 Model of a General Markovian Network
We now present a model of a Markovian queueing network which is suciently general incorporate various problems of interest in both manufacturing systems and communication
networks. The network consists of S service stations. Each station  2 f1; 2; :::; S g has s
servers. Customer classes are considered to be distinguished by the bu er the customers
reside in. Thus we need only describe the bu ers. There are L bu ers, fb1 ; b2; :::; bL g.
Each bu er bj has a capacity cj  +1. Customers in bu er bj are served by servers at
the service station (j ) 2 f1; 2; :::; S g. Each customer in bj requires nj servers simultaneously for an amount of time which is i.i.d. and exponentially distributed with mean
mj = 1j . We assume that nj divides s(j) for all j . Upon completing service at bu er bj ,
a customer wishes to P
move to bu er bk with probability pjk or wishes to leave the system
with probability 1
k pjk . (The customer wishing to move to bk may however not be
able to do so if it is blocked; this is described in the next paragraph.) Potential customers
arrive from outside the system to bu er bj as a Poisson process of rate j . (They too can
be blocked and lost.) All arrival streams, service times and customer wishes are assumed
to be independent.
Let xj (t) denote the number of customers in bu er bj at time t. Bu er bj admits
customers at time t only if the state of the system x(t) = (x1 (t); :::; xL (t)) lies in an
admission region Aj  X , where the state space X is given by

\

X = ([0; c ]  [0; c ]      [0; cL]) Z L:
Above, when cj = +1, the interval [0; cj ] is interpreted as [0; +1). Aj can be used not
1

2

only to capture the capacity of the bu ers but also to model the admission control scheme
employed. Any stationary admission control, i.e., one that depends only on the state x(t)
of the system, can be modeled in this fashion. If x(t) 62 Aj , an exogenous arrival at time
t to bu er bj is lost. If a customer completing service at time t at some bu er bk wishes
to move to bu er bj , but x(t) 62 Aj , then there are two scenarios. In the rst scenario,
which we will call the loss model, the customer in bk is lost, i.e, it exits the system. In the
second scenario, which we will call the blocking model1 , the customer remains in bu er bk
and undergoes another service.
1

This blocking mechanism is usually called \communication blocking."
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The s(j) servers at service station (j ) are assigned to customers according to a
scheduling policy in the following fashion.
1. The scheduling policy S employed is a map from X to Z+L which assigns wj (x)nj
servers to each bu er bj when the state is x, that is, wj (x) customers in bj are
served. Thus, we restrict our attention to policies that only depend on the state
x and, hence, are termed stationary policies.When x changes, it is assumed that
the change in the number of servers being assigned to bj is made in a preemptive
fashion.
2. The scheduling policy is assumed to be nonidling. This means that every server
that can be utilized is utilized. The decision w(x) = (w1 (x); ::::; wL (x)) on how the
servers are employed satis es the following constraints:
wj (x)  xj for all x and j; and
X
wj (x)nj <
min
nj :
(1)
0  s
fj:(j)= and xj wj (x)>0g
fj:(j)=g
Then wj (x)nj servers are assigned to bj , and are assumed to be working on the rst wj (x)
customers and the new arrivals to bj are assumed to always be in the last position.
We note that under the assumptions made above the queueing network is a Markov
chain with state space X .
Last, we consider the performance measures of interest. For the queueing networks
with capacity constraints, i.e., when one or more bu ers have nite capacity, the natural
performance measure of interest is j , which is de ned as the rate of departures from
bu er bj in steady state. Thus,
j = E [j wj (x)]:
This is the performance measure which we will analyze using the technique outlined in
the sequel. In some cases, we can relate the throughput to the blocking probability pj
of the bu er bj . For example, if all arrivals to bj were exogenous (i.e., no transfers from
other bu ers), then we would have
j = (1 pj ) j :

3 Linear Program Bounds
We begin by describing the main idea of the technique. Assuming stability and examining
the consequence of a steady state for general functionals of the state, we obtain a set of
constraints on the possible behavior of the system. Then we attempt to obtains bounds on
the performance measures by solving constrained optimization problems. With a suitable
choice of variables, we obtain a set of linear equality constraints that determine the
performance of the system. Further, additional knowledge about the particular system
under consideration gives an augmenting set of linear equality and inequality constraints.
Together, these allow us to bound the performance, either above or below, by solving a
linear program. This method can be considered an extension of an idea rst proposed by
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Kumar and Kumar [10] and Bertsimas, Paschalidis and Tstisiklis [2], simultaneously and
independently.
Consider the general queueing network of Section 2. Consider a \Lyapunov" functional V : X ! R. We make two assumptions about the network and V .

A1. The underlying Markov chain of the queueing network is positive recurrent.
A2. Under the unique invariant probability measure, V is integrable.
2

The rst assumption is not without loss of generality. In open queueing networks in
which some of the bu ers have in nite capacity, establishing that the Markov chain is
positive recurrent is nontrivial and one usually attempts to do this through some Lyapunov argument. There has been considerable progress lately on this issue, see, for
example, [3, 4, 11, 12].
The main idea of the Lyapunov approach to bounding performance is the following.
If A1, A2 hold, then in steady state we must have

E [V (X (t))] = E [V (X (t0 ))] for all t; t0 ;
(2)
where X (t) denotes the state on the system at time t. Now, (2) is a statement about the

in nitesimal generator of the underlying Markov chain. In order to use (2), we resort to a
discretization technique known as uniformization [13]. Here, we use an exponential clock
with rate no slower than the fastest exit rate out of a state in the Markov P
chain. For
the Markov chain of the network described in Section 2, an acceptable rate is Jj=1 ( j +
s j  ). We then sample the system at the random times f g when this clock goes o .
n
nj j
This sampling scheme preserves the steady state information of the original chain. With
uniformization, (2) becomes
( )

E [V (X (n+1 ))] = E [V (X (n ))] for all n;

(3)

which then constrains the possible behavior of the system. The uniformization scheme
and the Markov property of the discretized chain allow us to express E [V (X (n+1 ))] in
terms of X (n ). Now one tries to rewrite (3), using a suitable choice of variables, as a
tractable constraint. One is free to use a family of functionals fV g to obtain a set of
constraints. If the performance measure of interest can also be expressed in terms of
these variables, one can obtain lower and upper bounds on the performance measure by
solving constrained optimization problems. This is the main idea behind our approach.
The key to implementing this idea is the choice of fV g as well as the variables on
which the constraints will be obtained. The choice is a trade-o between tractability of
the resulting optimization problem and the quality of the bounds. Also, if the variables
introduced have convenient probabilistic interpretation, we can re ne the constraints by
adding additional constraints which result from the nature of the policy, or any other
usable information about system. We formalize these ideas in the subsequent sections.
In this paper we will concentrate on one particular family of functionals, namely,
multinomials. Thus A1, A2 translate to the existence of a unique steady state with
If the state space does not have a single closed communicating class, we x an initial
condition.
2
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nite multinomial moments. Consider a multinomial of degree d of the state, of the form

md(x) =

X
m(d ;:::;dL) xd1 xd2    xdLL ;
P
fd ;d ;:::dL: k dk dg
1

1

1

2

2

where m(d ;:::;dJ ) are the coecients. Then from (3), we can conclude that
1

E [md (x(n ))] = E [md(x(n+1 ))] for all md(x); for all d:

(4)

This is equivalent to

E [xd1 (n )xd2 (n )    xdLL (n )] =
1

1

E [xd1 (n+1 )xd2 (n+1 )    xdLL (n+1 )]
for all d1 ; d2 ; :::; dJ 2 Z+ :
1

2

(5)

Let us now illustrate how one can use (5) to obtain constraints on the behavior of
the system. We will describe this just for the loss model of Section
P2. The blocking model
can be handled in a similar fashion. Let us rescale time so that Lj=1 (j + snjj j ) = 1.
For simplicity, we assume that there is no self-feedback, i.e., pii = 0 for all i. Consider
the special case of (5), where dk = 0 for all k 6= i and k 6= j , i.e.,
( )

E [xdi i    xdj j (n )] = E [xdi i xdj j (n+1 )] for some i; j; di ; dj :

(6)

In order that we may exploit (6), we need to understand the evolution of xdi i xdj j for each
i; j and di ; dj . This can be obtained as (see also [10])

i
h
E [xdi i xdj j (n+1 ) j x(n ) = x] = xdi i (n )xdj j (n ) + i 1Ai (x) (xi + 1)di xdj j xdi i xdj j
h
i
+ i wi (x)(1 pij ) (xi 1)di xdj j xdi i xdj j
i
h
+ i wi (x)pij 1Aj (x) (xi 1)di (xj + 1)dj xdi i xdj j
i
h
+ i wi (x)pij 1Acj (x) (xi 1)di xdj j xdi i xdj j
h
i
+ j 1Aj (x) xdi i (xj + 1)dj xdi i xdj j
i
h
+ j wj (x)(1 pji ) xdi i (xj 1)dj xdi i xdj j
i
h
+ j wj (x)pji 1Ai (x) (xi + 1)di (xj 1)dj xdi i xdj j
i
h
(7)
+ j wj (x)pji 1Aci (x) xdi i (xj 1)dj xdi i xdj j :
Combining (7) with (6) and de ning the variables

rdi;ji ;dj := E [xdi i xdj j ];
i;j
di dj
zk;d
i ;dj := E [1Ak (x)xi xj ];
i;j
di dj
yk;d
i ;dj := E [wk (x)xi xj ]; and
di dj
ui;j
k;l;di ;dj := E [wk (x)1Al (x)xi xj ];
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we obtain the linear constraint

 

i 1
di yi;j
di z i;j +  dX
d
k
i
( 1)
i
i
i;k;dj
k i;k;dj
k
k=0
k=0
 
dX
i 1
di ui;j
d
k
i
i pij ( 1)
k i;j;k;dj
k=0
  
dj
di
X
X
di
dj ui;j
d
k
i
+ i pij
( 1)
k
l i;j;k;l
dX
i 1

fk=0;k+l<di +dj g l=0
 

dj 1
dX
j 1
dj yi;j
dj z i;j +  X
d
j k
(
1)
+ j
j
j;di ;k
k j;di;k
k
k=0
k=0
 
dX
j 1
j pji ( 1)dj k dkj ui;j
i;j;di ;k
k=0
  
dj
di
X
X
di
dj ui;j = 0
d
k
i
+ i pij
( 1)
(8)
k
l i;j;k;l
fk=0;k+l<di +dj g l=0
Similar equality constraints can be obtained for every term of the form xd11 xd22    xdLL .

These equality constraints are linear with a suitable choice of variables, similar to z; y
and w above. Note that the performance measure of interest is
i = E [i wi (x)] = i yi;i;j0;0 :
(9)
Thus, the performance measure is one of the constrained variables.
We can also obtain inequality constraints on the variables in various ways. Rather
than providing a general list of all possible inequalities, we provide illustrations of the
various kinds of inequalities which may be obtained. Speci c knowledge in a particular application helps provide additional inequalities. In the examples considered in the
subsequent section, we will highlight how such speci c constraints can be obtained.
First, there are the obvious domination constraints. For example,
i;j
(10)
ui;j
k;l;di ;dj  yk;di ;dj for all i; j; k; l; di ; dj :
We also obtain inequality constraints due to the nonidling nature of the scheduling policy
used. For example, consider the case when s = 1 for some  (which, of course, means
that nj = 1 for all j such that (j ) = ). Now consider 0 6=  such that s = 1 also.
Then we have, similar to the inequalities obtained in [10],
0

X

fk:(k)= g
0

i;j
yk;d
i ;dj 

X

fk:(k)=g

i;j
yk;d
i ;dj for all i with  (i) = ; for all di  1; j; dj : (11)

We also obtain \Chebyshev" type inequalities. For example, suppose that for bu er

bi , we have an admission rule which speci es the set Ai such that Aci  fx : xi  C g,
where C is some constant. Also suppose that wi (x) = xi . Then, we must have
E [(1 1Ai )wi (x)xdi i ]  C di +1 P (x 2 Aci ):
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But P (x 2 Aci ) = 1 zi;i;j0;0 and hence we obtain
i;j
di +1 (1 z i;j ) for all di :
yi;d
ui;j
(12)
i;0;0
i;i;di ;0  C
i ;0
Also, we have nonnegativity constraints
i;j
i;j
(13)
 0; ui;j
 0; yk;d
zk;d
k;l;di ;dj  0 for all i; j; k; l; di ; dj :
i ;dj
i ;dj
Last, we note that there are some equality constraints obtained because of the way
we have de ned these variables. For example,
yk;i;j0;0 = yk;l;m0;0 for all i; j; k; l; m:
(14)
Thus we have de ned a set of variables and obtained a set of linear equality and
inequality constraints on these variables. We have also established in (9) that the performance measure of interest is a linear combination of some of these variables. Thus, we
can obtain bounds on the value of the performance measure by solving linear programs.
This result is summarized in the theorem below.

Theorem 1

The throughput i of any bu er bi , is bounded above (below) by the solution to the linear
program
max (min) i yi;i;j0;0 ;
subject to the equality constraints of the form of (8) and (14), inequality constraints of
the forms illustrated in (10), (11), (12), and the nonnegativity constraints (13).

In the next section, we consider the application of this theorem to various problems
of interest in manufacturing systems and communication networks.

4 Applications
4.1 A Reentrant Line with a Finite Bu er
We now illustrate the application of the technique to a system containing both nite
and in nite bu ers. Methods involving nite Markov chain computations cannot be used
because the resulting state space is in nite when some bu ers have in nite capacity.
Consider the system shown in Figure 1. It is an open reentrant line [9], in which one of
the bu ers has nite capacity. It consists of two service stations (S = 2) and three bu ers
(L = 3). The number of servers at each machine is one (s1 = s2 = 1) and obviously each
customer can ask for one server (n1 = n2 = n3 = 1). Exogenous arrivals occur only to
bu er b1 at rate 1 =  = 0:3. The mean service times are all 1 (i.e., 1 = 2 = 3 = 1).
Bu ers b1 and b2 have in nite capacity, i.e., c1 = c2 = +1, but bu er b3 is nite,
c3 < 1. The only non-zero routing probabilities are p12 = p23 = 1. Bu er b3 admits new
customers if x3 < c3 . The departures from b2 which are not admitted to b3 are assumed
to exit the system. Thus, we use the loss model here3 . We are interested in obtaining
bounds on 3 = E [w3 (x)], under all nonidling and stationary policies.
3
This reinforces the assumption of stability of the system, see [11]
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Figure 1: Reentrant Line with a Finite Bu er and Two In nite Bu ers
The equality constraints for this example are more general than (8). But, we will
restrict ourselves to quadratics, in which case (8) is sucient. The only z 's that appear
are of the form z11;;j0;1. They can be written using the nonidling constraints as

z11;;j0;1 =

X

fk:(k)=(j)g

yk;1;j0;1 :

Thus, we need not consider z 's. We need only consider the y and u variables here.
The domination constraints (10) and nonnegativity constraints (13) obviously apply
here.
Also, we have nonidling constraints of the form (11) here:

X

fk:(k)=(j)g

yk;1;j0;1 

X

fk:(k)6=(j)g

yk;1;j0;1 :

The Chebyshev constraints of the form (12) are also applicable here. For example,

u22;;33;0;1 +



1


3 c = y2;3 :
3
2 ;0 ;1
2

Note that the throughput which has to be estimated is 3 , the rate of departures
from the last bu er. Figure 2 plots the lower bound on the throughput as c3 varies. From
this we can infer, for example, that under any nonidling stationary policy, a bu er of size
10 guarantees a throughput of at least 0:27.
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Figure 2: Lower Bound on Throughput of Reentrant Line
4.2 The M/M/s/s Queue
Here we consider a well{known example from classical queueing theory, the M/M/s/s
queue. Its invariant measure is known and is given by the celebrated Erlang B{formula [8].
This corresponds to the model described in Section 2 with the following choice of
parameters: S = 1 (one service station), L = 1 (one bu er), p11 = 0 (no self{feedback),
s1 = s (s servers), n1 = 1 (each customer asks for one server) and c1 = s (bu er has
capacity s). Arrivals take place at rate and the service rate (at every server) is .
The customers are admitted if there is room, i.e., A1 = fx : x < sg. In this case, every
customer admitted to and currently in the system is being served, and hence w1 (x) =
x1 = x. Note that the variables u of the previous section will not be required. Also,

y1;n = E [xn+1 ];

and

z1;n = E [(1 1x=s )xn ] = E [xn ] sn P (x = s) = y1;n

1

sn P (x = s):

Thus in this case the linear program of Theorem 1 can be exclusively written in terms of
the variables y1;n and the variable p := Prob(x = s).
The equality constraints are obtained by substituting various values of di , keeping
dj = 0 and pij = 0 in (8). In order to keep the linear program nite dimensional, we use
the rst N equality constraints, which correspond to di = 1; 2; :::; N .
The family of equality constraints obtained from (8) corresponding to di = n is

ny1;n

1

nX1 
k=1




n  ( 1)n k n
k 1 y1;k 1 =
k

  [(s + 1)n sn ] p;
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(15)

where  =  .
Consider the family of Equations (15). We have N + 1 variables y1;0 ; y1;1 ; :::; y1;N 1
and p, and N equations. Thus, we can parametrize the N variables y1;0 ; y1;1 ; :::; y1;N 1
in terms of p. Then we obtain
y1;n 1 = n n p for 1  n  N;
(16)
where n and n , n = 1; 2; :::; N are constants not depending on p which are easily
determined from (15) as follows.
Consider n = 1. Substituting (16) in (15) gives
( 1 ) ( 1 )p = 0:
(17)
Since 1 and 1 do not depend on p, one has
1 =  and 1 = :
Now we continue this procedure of substituting (16) for y1;0 and y1;1 back in (15) for
n = 2. This yields
(2 2 (2 + 1) 1 ) (2 2 (2 + 1) 1 (2s + 1)) p = 0:
As argued above, this yields
2 2 = (2 + 1) 1 + ; and
2 2 = (2 + 1) 1 + ((s + 1)2 s2 ):
Continuing this procedure for n = 3; 4; :::N , we obtain
nX1 


n  ( 1)n
k
k=1
nX1  
n  ( 1)n
nn =
k
k=1

n n =

k
k





n

k 1
n

k 1





k +  and
k +  [(s + 1)n

(18)

sn ] for 1  n  N:
(19)

Thus, as our only equality constraint, we retain
y1;N 1 = N N p;
where N and N are computed using the recursions (18) and (19) respectively.
Also, we have a Chebyshev type inequality of the form of (12),
We also have a size constraint

(20)

sN p  y1;N 1:

(21)

y1;N 1  sN :

(22)

Last, we have the nonnegativity constraints of the form of (13),
p  0; y1;N 1  0:
Thus we have obtained the following analog of Theorem 1.

(23)
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Figure 3: Lower Bound on Throughput of M/M/s/s Queue

Theorem 2

The throughput  of a M/M/s/s queue is bounded below (above) by the solution to the
linear program
min(max)  = (1 p);
subject to (20), (21), (22) and (23), for each N .

Note that the upper bound on p = Prob(x = s) provided by the LP is also an upper
bound on the blocking probability by the PASTA property. Thus, in this example, we
have obtained bounds on both throughput and blocking probabilities.
Figure 3 shows a plot of the lower bound on  as N varies, for a system with = 45,
1 = 1 and s = 50. Note that as N increases, the lower bound approaches the exact
value of  predicted by the Erlang B formula. This property, which we call asymptotic
exactness, can be formalized as follows.

Theorem 3

The lower and upper bounds obtained by solving the LP involving y1;N and p converge to
the exact value provided by the Erlang B formula as N " 1.

Proof

First, we make a crucial observation. We note that (18) is the same as (8) with n
denoting E [Y n ], where Y is the number of customers in a M=M=1=1 system, i.e., Y is
Poisson with parameter . This can be veri ed easily. Thus, we obtain n > 0 for all n
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and

N

s = 0:
lim
N !1

(24)

N

Note that (20) must also hold for the actual moment y1;N
probability p = Prob (X = s) of the M/M/s/s system. Thus
N
0  E [X ] = 1
N

Taking limits above as N ! 1, we obtain

13

1

= E [X N ] and blocking

N Prob (X = s)  sN :
N
N

1
:
lim N =
N !1 N Prob (X = s)

(25)

Thus, there exists a N 0 such that for all N  N 0 , N  N , since Prob (X = s) < 1.
Now consider a relaxed version of the LP used in the statement of the theorem, in
which the constraints are

y1;N
y1;N
y1;N

1
1
1

=




N
N p;
N
s p;
sN ;

for some N  N 0 . Then since N  N > 0, the lower bound on p computed by the
relaxed LP is
N
p= N s ;
N

and the upper bound computed by the relaxed LP is

p = sN +N :
N

The result then follows from (24) and (25).
From Figure 3, we can see that the number of moments N which must be considered
in order to obtain a reasonable approximation to 1 or p is much smaller than s. Also,
we can obtain very ecient recursions for n and n as in (18,19) and obtain the bounds
from them. Hence for large s, this scheme has O(1) complexity (in s) as opposed to the
Erlang formula which has O(s) complexity. More generally, this illustrates the fact that
the complexity of the LP approach does not grow with s. On the other hand, it has
O(N 2 ) complexity in N .
4.3 The Tandem Queue
In this section, we consider a problem which is very common in manufacturing, the
tandem queue. Considerable e ort has been expended in analyzing this system, see [15]
for a collection of such works. The main problem in analyzing this system is that the
state space of the Markov chain is of size O(c1 c2 ) and hence very large when c1 and c2 are
large. We shall apply the LP approach to obtain bounds on the throughput and therefore
the blocking probability of the system.
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Figure 4: Tandem M/M/1/K Queue
Consider the tandem queue shown in Figure 4. This system is in the framework of
Section 2. It corresponds to the case in which S = L = 2, s1 = s2 = n1 = n2 = 1,
(1) = 1, (2) = 1, and the only nonzero routing probability is p12 = 1. Note that
there is only one external arrival stream of rate 1 = . In this example we use the
blocking model for transfers, i.e., if the second bu er is full when a customer in the rst
bu er completes service, then the customer undergoes another service. The performance
measure of interest is the probability that an exogenous arrival to the system is not
admitted. Note that
Prob (Arrival Not Admitted) = 1 1 = 1 2 :
1

1

Before we apply (8), we introduce additional variables as we have done in each of the
previous examples. In this case, we de ne

pk ;k := Prob (X1 = k1 ; X = k2 ):
1

2

Here pk ;k is the invariant measure of the underlying Markov chain. Obviously, to use all
such pij 's would defeat the purpose of the LP approach since we would have more variables
than states in the Markov chain. Instead, we use p0;k and pc ;k for k2 = 0; 1; 2; :::; c2, as
well as pk ;0 and pk ;c for k1 = 1; 2; :::; c1 1. Thus, we enumerate 2(c1 + c2 ) additional
variables. It is easy to see that the equality constraints (8) can be rewritten linearly in
terms of these variables and the variables rij := E [X1i X2j ]. For example,
1

2

1

2

1

1

z1;i;j = ri;j ci1
and

2

2

0i

y1;i;j = ri;j

c
X
k2j pc ;k ;
2

1

k2 =0

2

c
X
k2j p0;k :
2

2

k2 =0

Also, we can rewrite the Chebyshev inequality constraints as

ri;j  ci1

c
cX1
X
k2j pc ;k + cj2
k1j pk ;c :
2

k2 =0

1

1

2

1

k1 =0

2

The usual nonnegativity constraints apply. Also note that the performance measure can
be written using PASTA (which applies only to the rst stage) as
Prob (Arrival Blocked) =

c
X
2

k2 =0

pc ;k :
1

2
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Table 1
LP bounds on blocking probability for tandem M=M=1=K queue
Moments
Lower Bound (10 2 )
Upper Bound (10 2 )
6
2.3743
2.7523
8
2.4257
2.7240
10
2.6429
2.6629
12
2.6499
2.6556

15

Error Bound%
15.92
8.46
0.76
0.21

Thus we can obtain bounds on the blocking probability using LP's in the variables

rij and pk ;k . The bounds obtained using the LP involving the rst N moments, i.e.,
using (8) for di ; dj  N are tabulated in Table 1 for the case when 1 =  = 9, 1 = 10,
2 = 9, c1 = 30 and c2 = 25. In this case, the Markov chain has 806 states, while the
1

2

largest LP used has 500 variables. The table also tabulates a bound on the relative error
lower bound . If we only need an estimate with less than
computed as upper bound
lower bound
10% error, for example, we could have used only eight moments, in which case the LP
involves only 270 variables.
Note that the bounds are tight. Therefore, we are led to believe that an asymptotic
exactness result like the one for the M/M/s/s queue may exist here as well. In fact,
further analysis leads us to the following stronger conjecture.

Conjecture 1

The LP lower and upper bounds obtained using (8) for all di + dj  M are equal (and
therefore equal to the exact value) when M = 2(c1 + c2 ) 1.

The rationale for this conjecture is the following. Consider the equality constraints
obtained using (8) with di + dj = n for some n > 1. We obtain n + 1 constraints, but
introduce n new variables rpq for p = 0; 1; 2; :::; n 1, q = n 1 p. Also, we always
have 2(c1 + c2 ) variables pk ;k . When n = 1, we obtain 2 constraints, but introduce no
new variables (since r00 = 1). Thus using (8) for n = 1; 2; 3; :::; 2(c1 + c2 ) 1, we have
(c1 + c2 ) [2(c1 + c2 ) + 1] 1 variables and (c1 + c2 ) [2(c1 + c2 ) + 1] 1 equality constraints.
Thus, if there is no loss of rank in this system of equations, we can exactly obtain all
variables, thus exactly computing the probabilities. The open issue that has to be resolved
with this argument is in establishing that there is no loss of rank, except for very speci c
choices of 1 , 1 and 2 .
The conjecture that we can obtain convergence of the bounds in a nite number
of steps cannot hold in general. For example, it doesn't hold for the single M=M=1=K
queue, where the system of equations obtained from (8) never becomes square. Second,
even when it is true, we have to solve a system of linear equations in approximately
2(c1 + c2 )2 variables, whereas solving the Markov chain involves solving a system in only
(c1 + 1)(c2 + 1) variables.
1

2

4.4 The MMPP/M/1/s Queue
Consider a nite-bu er queue with s 1 waiting spaces where customers arrive according
to a Markov-modulated Poisson arrival process, and whose service times are exponentially
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distributed with mean 1=: Speci cally, we assume that the arrivals are generated by an
(n +1)-state MMPP obtained by a superposition of n identical, independent sources, each
of which produces arrivals according to an interrupted Poisson process. (The technique
outlined below can be easily extended to more general MMPP arrival processes.) For
each source, the transition rate from the on to o state is denoted by q1 ; the transition
rate from the o to on is denoted by q0 ; and the arrival rate in the on state is denoted
by : The arrival rate in the o state is zero. Let x(t) denote the number of customers in
the system, (t) denote the number of sources in the on state at time t; and tij denote
the steady-state expectation E (xi j ): Then, (8) becomes

#
j 1  
i 1 i
n
i 1  i  "X
X
X
X
j nk j
j
+1
k
t
0 = 
l
p
t

s
ik
x
=s; =l + nq1
k;j
+1
k
j =0
k=0 k
l=0
k=0 k




j 1
j 1
X
X
j ( 1)j k t
j t
+ q0
q
i;k
+1
1
i;k+1
k=0 k
k=0 k
i 1 i
n
X
i k tkj ( 1)i X lj px=0; =l ;
+ 
(
1)
(26)
k=0 k
l=0

where we have introduced the additional variables px=0; =l ; l = 0; 1; : : : ; n; and px=s; =l ;
l = 0; 1; : : :; n; denoting Prob(x = 0; = l) and Prob(x = s; = l); respectively. The
Chebyshev inequality constraints are

tij  si

n
X
l=0

px=s; =l lj :

(27)

Also note that t0j can be directly computed. Let Pk be the probability that there there
are k sources in the on state. Then,

 
n k 
k
n
q
q
0
1
Pk = k q + q
q0 + q1 ;
0
1

and

t0j =

n
X
kj Pk :
k=0

The problem is to minimize the blocking probability denoted by pb : As in (9), one
can apply Little's law to the server and obtain
n
X
px=0; =l );
pb = 1  (1 px=0 ) = 1  (1
l=0

(28)

where = t01 is the overall arrival rate. An equivalent expression for pb can be obtained
by letting i = 1 and j = 0 in (26) which yields

 (1

Pn

l=0 lpx=s; =l (q0 + q1 ) ) = 1

nq1

px=0:

(29)
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Table 2
LP bounds on blocking probability for M M P P=M=1=s queue
Moments
Lower Bound
Upper Bound
6
0.0
0.00105
8
0.0
0.00075
10
0.0
0.00067
15
0.00017
0.00065
20
0.00026
0.00065

Comparing this to Little's law for the server gives the following expression for pb :
Pn
s; =l (q0 + q1 ) :
(30)
pb = l=0 lpx=nq
1

Thus, the equivalent expressions for pb in (28) or (30) can be used as the objective function
for the LP. Note that the expression (30) can also be obtained using Palm theory.
As an example, let s = 99; q0 = q1 = 0:1;  = 0:36; n = 5 and  = 1: The upper
and lower bounds on the blocking probability are presented in Table 2. The number of
moments in Table 2 refers to the maximum value of i + j in (26).
By solving the associated Markov chain, the exact blocking probability was determined to be 0:00037 with an accuracy of 10 5: Comparing the LP bounds in Table 2 to
the exact blocking probability, we notice that the lower bound requires a large number
of moments to give an estimate of the same order as the exact value. By contrast, the
upper bound provides a good estimate (i.e., of the same order as the exact value) with
just 10 moments. Neither the upper nor lower bound converges to the exact value in
Table 2. It is conceivable that the bounds will converge for a large number of moments
but numerical problems do not allow us to verify this. In any case, it is not practically
useful to increase the number of moments considered arbitrarily, since the size of the LP
becomes prohibitive.
In addition to the examples reported here, we have performed many experiments with
MMPP=M=1=s models with blocking probabilities of the order of 10 4 . The numerical
conclusion obtained in each of these experiments are the same as those of the previous
paragraph: the upper bounds provides a better estimate of the blocking probability than
the lower bounds, and further, in the numerical examples studied, the upper bound is of
the same order of magnitude as the actual blocking probability.
The poor behavior of the lower bound may be explained as follows. For a xed
number of moments M , the extreme points of the LP are of the form pqMM ((ss)) , where pM (:)
and qM (:) are polynomials of degree M 1 in s: We note that one of the extreme points
is the vector 0 indicating the point where all the variables are zero. Large deviations
theory [18] tells us that the actual blocking probability is asymptotically of the form e s
for large s and some  > 0. For large s; since a rational function cannot lower bound a
decaying exponential function, the lower bound can be achieved only at the extreme point
0: Thus, we expect the lower bound to be zero when the number of moments, M; is small
in comparison with the size of the bu er s. This is borne out by numerical experience.
A similar argument applies for the upper bound also, and as s becomes very large, we do
not expect the upper bound to be of the same magnitude as the exact loss probability.
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However, as the numerical examples illustrate, the upper bound can serve as a useful
estimate even when the lower bound does not.
4.5 Multirate Communication Link
We now illustrate how to analyze multirate communication links [17] using our technique.
Consider a link of capacity s which is shared by two call classes. One class requires
less bandwidth, and holds for less time, but arrives more frequently. The other class
requires more bandwidth, and holds longer, but arrives less frequently. Thus, one class
may represent audio calls, while the other video calls. The system operates under a trunk
reservation admission control scheme. That is, calls of a class are admitted into the link
when the total link capacity currently being utilized is less than a threshold. The problem
of estimating the blocking probabilities (or equivalently the throughputs, since as in the
previous example i = i (1 pi )) has received attention due to applications in broadband
networks [17].
This system can be modeled in the framework of Section 2. Since we consider only
one link, S = 1 with s1 = s. There are two bu ers b1 and b2, which hold the respective call
classes. Their capacities are c1 = s=n1 and c2 = s=n2, where ni represents the bandwidth
requirement of class i. The exogenous arrival rate to each bu er is i and the service
rate is i . The set Ai is used to model both the capacity constraint as well as the trunk
reservation policy for sharing of servers. Under a trunk reservation scheme, thresholds t1
and t2 are set for each bu er and the region in which customers are admitted to bu er bi
is speci ed as

Ai = fx = (x1 ; x2 ) j n1 x1 + n2 x2  s ni ti g for i = 1; 2:
With this choice of Ai , we can assign wi (x)ni = xi ni servers for each bu er (since each

admitted customer is served). As mentioned above, we are interested in obtaining bounds
on i = i (1 pi), i.e., either on i or on the blocking probability pi , which, by the PASTA
property, is given by pi = Prob(x 2 Aci ).
The equality constraints obtained are all of the form (8), with pmn = 0 (since there
is no feedback). Since there are only two bu ers, we can omit the superscript fi; j g from
the variables. Also, note that we do not need the variables u. Here, since wi (x) = xi , we
have
y1;d ;d = E [xd1 +1 xd2 ] and y2;d ;d = E [xd1 x2d +1 ] for all d1 ; d2 :
Thus we need only consider the variables yd ;d := E [xd1 xd2 ] and the variables zi;d ;d as
before, for i = 1; 2. So, if we restrict attention to moments of order N or less, that is
d1 + d2  N , then we obtain N (N + 1)=2 1 equality constraints on 3N (N + 1)=2 1
variables.
Let us now consider the inequality constraints. The nonnegativity constraints of (13)
carry over without any modi cation, i.e,
1

2

1

2

1

2

1

2

1

2

1

2

z1;m;n  0; z2;m;n  0; ym;n  0; for all m; n:
The domination constraints of (10) also carry over as

z1;m;n  ym;n and z2;m;n  ym;n for all m; n:

1

2
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We also have domination constraints of the form

E [1Ai (n1 x1 + n2 x2 )n ]  (s ni ti )n Prob(x 2 Ai ) for all n; and i = 1; 2;
which yields

n  
X
n nk nn k z
i;k;n k  (s ni ti )n zi;0;0 for all n; and i = 1; 2:
1 2
k
k=0

The nonidling constraints of (12) do not apply here. Last we need to obtain the Chebyshev
type constraints of the form of (11). Note that Aci = fx : n1 x1 + n2 x2 > s ni ti g.
Hence we obtain

E [(1 1Ai )(n1 x1 + n2 x2 )n ]  (s ni ti + 1)n Prob(x 2 Aci ) for all n; and i = 1; 2;
which yields

n  
X
n nk nn k (y
k;n k zi;k;n k )  (s ni ti + 1)n (1 zi;0;0 ) for all n; and i = 1; 2:
1 2
k
k=0

Additional constraints can be obtained using the fact that either A1  A2 or A2  A1
(depending on whether n1 + t1  n2 + t2 ). If A1  A2 , we have

z1;m;n  z2;m;n for all m; n; and
E [(1A 1A )(n1 x1 + n2 x2 )n ]  (s n1 t1 +1)n (Prob(x 2 Ac1 ) Prob(x 2 Ac2 )) for all n;
2

1

which yields

n  
X
n nk nn k (z
z1;k;n k )  (s n1 t1 + 1)n (z2;0;0 z1;0;0 ) for all n:
2;k;n k
1 2
k
k=0

We now introduce additional variables as well as constraints. Note that, without loss
of generality, we can assume n1 = 1. If we use the variables qi := Prob(n1 x1 + n2 x2 = i),
we can get additional equality constraints of the form4

E [(1 1A )(n1 x1 + n2 x2 )n ] =
2

which yield

n2 X
+t2

1

i=0

(s i)n qs i ;

nX
+t
1
n  
X
n nk nn k (y
(s i)n qs i :
k;n k z2;k;n k ) =
1 2
k
i
=0
k=0
2

2

(31)

Finally, we note that if t1 = t2 = 0, then the resulting Markov chain is product form.
Hence the invariant measure depends only on the ratio i =i and not on the actual values
The introduction of these variables increases the complexity of the LP, but as can be seen
in (31), only a few qi need be used, thus maintaining reasonable complexity.
4
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Table 3
Comparison of results for a full sharing link
Acc. Prob.
Simulation
BGZ Approx.
Class 1
0.9964
0.9998
Class 2
0.9769
0.9982
Table 4
Comparison of results for a link with reservation
Acc. Prob.
Simulation
BGZ Approx.
Class 1
0.9383
0.9972
Class 2
0.9966
0.9999

LP Lower Bound
0.9733
0.9504

LP Lower Bound
0.8196
0.8531

20

LP Upper Bound
1.0000
0.9998

LP Upper Bound
0.9964
0.9986

of i and i . Thus, the terms involving only 1 and 1 and those involving only 2 and
2 must individually sum to zero in (8). This yields twice as many equality constraints
as before.
Table 3 summarizes the results for a link with 1 = 35, 1 = 1, 2 = 0:07, 2 = 0:01,
n1 = 1, n2 = 5, s = 100 and t1 = t2 = 0. The value for the acceptance probability (Prob(x 2 Ai )) obtained by simulation from [5] and that obtained using the Bean,
Gibbens and Zachary (BGZ) approximation [1] are compared to the bound obtained using
the rst ten moments in the LP. 5
We now consider an example in which there is reservation against class 1. Here,
1 = 70, 1 = 2, n1 = 1, 2 = 0:035, 2 = 0:01, n2 = 10, s = 100 and t1 = 10, t2 = 0.
It should also be noted that the only known way to exactly solve this problem is by
nding the invariant measure of a Markov chain with about 1000 states. In Table 4, we
present the results using the rst thirteen moments for the LP bounds on the acceptance
probabilities. Note that in this case, the steady-state distribution of Markov chain is not of
product form, and so we cannot split the equality constraints as mentioned above. It can
be seen that the bounds outperform the BGZ approximation but neither approximation
is good.
This exposes a limitation of the LP approach. When dealing with multiclass loss
models, we have to approximate a large subset of the state space by a simple representation. For example, we replace the probability that the system is in aPblocking state for
customer class i by 1 P (x 2 Ai ); instead of using the expression 1
x2Ai P (x); which
would lead to a large number of variables. The penalty we pay for this arti cial reduction
in the number of variables is re ected in the accuracy of the bounds.
5
Note that in this case of full sharing the acceptance probability can be computed exactly
using the recursions due to Kaufman [6] and Roberts [16].
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5 Conclusions
The results presented here concerning blocking probabilities and throughput are interesting and merit further investigation.
On the theoretical front, the most important issue to resolve is when the LP bounds
are asymptotically exact. It appears that in order to obtain this result we need to enumerate some probabilities of interest. An interesting question is what is the minimal
enumeration scheme that ensures asymptotic exactness. Another interesting question is
whether it is possible to nd a \usable" LP bounding scheme, i.e., which has reasonable
complexity, which is asymptotically exact for all networks with only nite bu ers.
On the application front, we see that in some regimes for the multirate communication
link problem, the bounds are not very tight. It would be nice if we could improve these
bounds, enumerating some probabilities if need be, so as to get tighter bounds, without
losing too much by the way of computational complexity. Finally, it would be good to have
a technique for using the solution of the LP to design \good" scheduling and admission
control policies.
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