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Abstra t
We onsider manufa turing systems onsisting of many ma hines
and produ ing many types of parts. Ea h part-type requires pro essing
for a spe i ed length of time at ea h ma hine in a pres ribed sequen e
of ma hines. Ma hines may require a set-up time when hanging between part-types, and parts may in ur a variable transportation delay
when moving between ma hines. The goal is to dynami ally s hedule
all the ma hines so that all the part-types are produ ed at the desired
rates while maintaining bounded bu er sizes at all ma hines.
In this paper we study the intera tion of two types of feedba ks,
one aused by \ y les" of material ow in non-a y li manufa turing
systems, and the other introdu ed by the employment of losed-loop
s heduling algorithms. We examine the onsequen es of this intera tion for the stability properties of the manufa turing system in terms
of maintaining bounded bu er levels.
First, we resolve a previously open problem by exhibiting the instability of all \ learing poli ies" for some non-a y li manufa turing
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systems. Surprisingly, su h instabilities an o ur even when all set-up
times are identi ally zero, and they are indu ed purely by starvation of
ma hines. Simultaneously however, there an exist ertain exa t sets
of initial onditions for whi h a deli ate stability does hold; however,
it may not be robust. Se ond, we exhibit suÆ ient onditions on the
system topology and pro essing and demand rates whi h ensure the
stability of distributed lear-a-fra tion poli ies. These onditions are
easy to verify. Third, we study general supervisory me hanisms whi h
will stabilize any poli y. One su h universal stabilization me hanism
requires only a supervisory level whi h trun ates all ex essively long
produ tion runs of any part-type, and maintains a separate priority
queue for all part-types with large bu er levels. It is easily implementable in a distributed fashion at the ma hines, and the level of
supervisory intervention an also be adjusted as desired.
1

INTRODUCTION

Consider a manufa turing system with the following features.

(i) There are P types of parts labeled 1, 2, ,. . . , P and M ma hines labeled
1, 2, ,. . . , M .
(ii) Parts of type p enter the manufa turing system, at a rate of dp parts/timeunit, at a ma hine p;1 . Thereafter they visit ma hines p;2 ; p;3 ; : : : ; p;np ,
in order, where ea h p;i 2 f1; 2; ; : : : ; M g, and exit the system from
ma hine p;np as a nished produ t. We allow for the possibility
that parts may visit a given ma hine more than on e; this happens
if p;i = p;j for i 6= j .

(iii) At the i-th ma hine p;i visited by parts of type p, they require a
pro essing time p;i. (We shall refer to p;i1 as the pro essing rate).

While awaiting pro essing there, they are stored in a bu er labeled
bp;i.

(iv) The bu ers Bm := fbp;i : p;i = mg serve ma hine m. When ma hine
m swit hes from pro essing parts in bu er b 2 Bm to pro essing parts
in bu er b0 2 Bm , it in urs a set-up time Æb;b0 .
Our goal is to s hedule the entire manufa turing system so that the levels
of all the bu ers at all the ma hines are bounded over all time, and hopefully
small. If this is the ase, we shall say that the manufa turing system is stable
under the given s heduling poli y.

In this paper we study the dynami behavior of non-a y li manufa turing systems. Due to the presen e of \ y les" of material ows, there is
the possibility of a destabilizing \positive feedba k" e e t. Simultaneously,
there is also the e e t of feedba k aused by the deployment of \ losed-loop"
s heduling poli ies. Our broad obje tive in this paper is to study the intera tions of these two feedba ks on the dynami s and stability of manufa turing
systems, and the impli ations of this intera tion for dynami s heduling of
manufa turing systems.
Our approa h to s heduling is in ontrast to \ lassi al" s heduling whi h
adopts a stati , open-loop approa h. Ex ellent referen es are the books by
Baker [1℄, Conway, Maxwell and Miller [2℄, Fren h [3℄, Co man [4℄; the surveys by Panwalker and Iskander [5℄, Graves [6℄, Lawler, Lenstra and Rinooy
Kan [7℄, Lenstra and Rinooy Kan [8℄; and a good re ent referen e is Adams,
Balas and Zawa k [9℄ whi h provides an eÆ ient algorithm. In the lassi al
approa h, given a nite number of parts ea h requiring a spe i ed pro essing
time at various ma hines, the issue of s heduling is usually formulated as an
optimization problem of sequen ing the parts at the ma hines so as to minimize riteria su h as makespan or weighted owtime. Thus, one obtains a
mixed integer/linear programming problem. A signi ant limitation of this
approa h is that large systems are typi ally intra table sin e the omputational demands grow exponentially with the number of parts or ma hines.
In fa t a test problem onsisting of ten parts and ten ma hines posed in 1963
in Muth and Thompson [10℄ has be ome notorious for its intra tability, and
only re ently has its optimal solution been obtained; see [9℄.
The spirit of our approa h is more in keeping with the pioneering work
of Kimemia and Gershwin [11℄ who study dynami \ losed-loop" s heduling
for systems with random ma hine failures. This line of work has been ontinued by Akella and Kumar [12℄, Biele ki and Kumar [13℄, Sharifnia [14℄
and Fleming, Sethi and Soner [15℄. Our work in this paper an be regarded
as o upying an even lower rung in the time-s ale hierar hy of s heduling
problems delineated by Gershwin [16℄, sin e we negle t the e e t of ma hine
failures but do in orporate the e e t of set-up times [17℄.
The manufa turing systems onsidered in this paper have been introdu ed in Perkins and Kumar [18℄. Purely for notational onvenien e we
have not introdu ed here the operations of assembly and disassembly allowed there, as well as the possibility of bounded but variable transportation
delays as parts move from ma hine to ma hine. However, all the results of
this paper are valid for the most general model of [18℄.

We note also that neither in [18℄ nor here do we onsider the ase where
there are many parallel ma hines with a part being free to hoose whi h of
the parallel ma hines to be pro essed at; rather we restri t our attention to
situations where routes are spe i ed a-priori.
While in Perkins and Kumar [18℄ the brunt of the analysis has been
for \a y li " systems (de ned in Se tion 2), in this paper we on entrate
on non-a y li systems. Our main results here are the following. First we
show that lear-a-fra tion poli ies (see Se tion 2) do not stabilize all nona y li systems, thus resolving the signi ant open question posed in [18℄.
This shows the existen e of a destabilizing \positive feedba k" e e t in su h
systems. We do this by presenting two examples of su h systems where
all learing poli ies will result in linearly growing, and thus unbounded,
peak bu er levels. In one of the examples, the y li ity results from a
single part-type returning to the same ma hines more than on e, while in
the other example no part-type ever revisits a ma hine. Moreover, in the
latter example, we show that there are sets of initial onditions for whi h
CAF poli ies are stable. Thus stability and instability are not properties
independent of initial system states, and stable and unstable regimes an
oexist simultaneously, as in nonlinear systems.
Our next result, also via an example, is that su h instability of learing
poli ies an hold even when all set-up times are identi ally zero. In fa t,
we exhibit dynami instabilities whi h are purely \starvation" indu ed. Till
now it had been suspe ted that su h instabilities ould only manifest themselves in the presen e of stri tly positive set-up times.
Motivated by the existen e of unstable modes of behavior, we obtain sufient onditions on the system topology, the demand rates of part-types,
and the pro essing rates of the ma hines, whi h guarantee that lear-afra tion poli ies are stable for all initial onditions. These onditions generalize earlier results whi h were valid only for a y li systems, and are tight
for su h systems. They are easy to verify.
Finally, for general non-a y li systems, we examine distributed \supervisory" ontrol me hanisms whi h will render any poli y stable for all initial
system states. We show that by adding a supervisory layer whi h (i) trunates all long produ tion runs, and (ii) maintains a separate priority queue
for bu ers with large levels, we obtain an \universally" stabilizing safety
me hanism whi h an be appended to any poli y to render it stable.
The rest of this paper is organized as follows. Se tion 2 details some preliminaries. Se tion 3 shows the existen e of dynami instabilities in simple
non-a y li systems. Se tion 4 provides suÆ ient onditions for the stability

of lear-a-fra tion poli ies. In Se tion 5 we des ribe a stabilizing supervisory
me hanism whi h an render any poli y stable. Finally Se tion 6 ontains
some on luding remarks.
2

CLEARING POLICIES, NON-ACYCLIC SYSTEMS AND STABILITY

Let us denote by xp;i(t) the number of parts in bu er bp;i at time t, by
up;i (t) the umulative input of parts into bu er bp;i over the time interval
[0; t℄, and by yp;i(t) the umulative output of parts from bp;i over [0; t℄. Thus,
xp;i (t) = xp;i (0) + up;i(t) yp;i(t).
We shall say that the manufa turing system is stable if all the bu er
levels are bounded for all time, i.e. if
sup xp;i(t) < +1

0t<1

for 1  p  P and 1  i  np:

It is lear that the apa ity ondition,

m :=

X

f(p;i):(p;i)=mg

dp p;i < 1

for 1  m  M;

(1)

is ne essary for stability. In Perkins and Kumar [18℄ it has been shown that
(1) is also suÆ ient for the existen e of a s heduling poli y whi h stabilizes
the manufa turing system for all initial system states.
When a manufa turing system is stable, it is lear that for ea h part-type
p the umulative output from the system over the time interval [0; t℄ di ers
from the umulative input into the system, tdp , by no more than a onstant.
Thus if the input rate dp of parts of type p is the desired rate of produ tion
of su h parts, as we intend to be the ase, then the goal of produ ing parts
at the given rate has been met.
For onvenien e, in the rest of this paper we assume that the part ows
are ontinuous as opposed to dis rete, though all results of this paper apply
equally well to dis rete ows also.
Let us de ne the following types of s heduling poli ies.

De nition 1 Clearing Poli ies

A s heduling poli y will be alled a \ learing poli y" if it has the property
that whenever a ma hine m is pro essing parts in a bu er b 2 Bm , then it
ontinues to remain set-up for and to pro ess parts from b until the rst time

thereafter that simultaneously the bu er b is empty and there is some other
non-empty bu er b0 2 Bm . At su h a time, the ma hine then ommen es a
set-up for one of the (possible many) non-empty bu ers in Bm .

A spe ial sub- lass of learing poli ies is the lass of \ lear-a-fra tion"
(CAF) poli ies de ned below.

De nition 2 Clear-A-Fra tion (CAF) poli ies

A learing poli y will be alled a \ lear-a-fra tion" (CAF) poli y, if for
ea h ma hine m there exists a onstant m > 0, and a onstant Km su h
that if ma hine m ommen es a set-up to bu er bp;iBm at time t, then

xp;i(t)  m

X

f(q;j ):q;j =mg

xq;j (t)

Km

(2)

It should be noted that one an easily onstru t CAF poli ies whi h also
possess the following two properties.

i) they an be implemented in a distributed fashion at the ma hines, without
requiring any sharing of information or oordination of a tion between
ma hines; and

ii) they an be easily implemented in real-time without requiring any om-

putation to determine when to hange the set-up, and to whi h bu er.

Let us asso iate with the manufa turing system a dire ted graph G =
(V; A) where the vertex set V onsists of the ma hines, and there is an ar
(m; m0 ) 2 A if and only if there is some (p; i) with p;i = m and p;i+1 = m0 ,
i.e. some part-type visits m0 immediately after m. We shall say that the
manufa turing system is a y li if the digraph G ontains no dire ted y les.
In [18℄, Perkins and Kumar have shown that all CAF poli ies are stabilizing
for all a y li manufa turing systems for all initial states of the systems.
Moreover, for systems onsisting of just one ma hine, there are CAF poli ies
whose performan e, measured by the resulting average bu er levels, is very
lose to a theoreti al lower bound; see [18℄. (There is a slight di eren e in
the formulation in this paper ompared to that in [18℄, in that [18℄ impli itly
assumes that even an idle time requires a set-up).
In this paper we fo us on manufa turing systems that are not a y li ;
we shall label them as non-a y li .

3

DYNAMIC INSTABILITIES IN NON-ACYCLIC
SYSTEMS

Can dynami ally unstable behavior o ur in non-a y li systems? We will
show below that even in apparently very simple systems, the mere existen e
of dire ted y les of part ows an lead to a destabilizing \positive feedba k"
e e t. Spe i ally, we provide two examples of systems where all learing
poli ies are unstable.
The rst example illustrates two properties. First, instability is aused
by a single part-type revisiting ma hines. Se ond, the unstable behavior
persists even when all set-up times are zero, showing that it is aused purely
by loss of ma hine apa ities due to starvation by upstream ma hines. Previously it had been suspe ted that only positive set-up times ould ause
instability.
The se ond example also illustrates two phenomena. First it shows that
even when no part-type ever revisits any ma hine, i.e. when the route followed by every part-type is a y li , the mere fa t that two di erent parttypes together give rise to a dire ted y le of material ow an also lead to
instability. Se ondly, it shows that stable periodi modes of behavior an
oexist with unstable modes, as in nonlinear systems, and that whether one
has stable or unstable behavior an depend on the initial state of the system.
These two examples thus resolve the open question posed in [18℄ whether
lear-a-fra tion poli ies stabilize all non-a y li systems, and exhibit preisely the me hanisms underlying dynami instability.

Figure 1: The System of Example 1

Example 1 Consider the system shown in Figure 1. There is a single part-

type whi h rst visits ma hine 1, then ma hine 2, then ma hine 2 again,
and nally, ma hine 1 again. The su essive bu ers visited will be denoted
by 1, 2, 3 and 4, respe tively. The input rate d into bu er 1 is 1 part/timeunit, while the pro essing times required at the bu ers are 1 ; 2 ; 3 and 4 ,
respe tively. Lastly, the times for setting-up to bu ers 1 and 4 at ma hine
1 will be denoted by Æ1 and Æ4 , while the times for setting-up to bu ers 2
and 3 at ma hine 2 are Æ2 and Æ3 . We shall assume that a learing poli y is

used for s heduling; there is only one su h poli y.
We will assume that the pro essing times satisfy the following riti al
ondition,
2 + 4 > 1:
(3)
Of ourse, we will assume that the apa ity ondition (1) is satis ed, i.e.

1 + 4 < 1

(4)

2 + 3 < 1:
Note that (3-5) ne essarily imply that

(5)

and

1 < 2 < 1 and 3 < 4 < 1:

(6)

We will analyze the evolution of the learing poli y.
Case 1: Positive set-up times
We rst onsider the usual situation where the set-up times are all positive, i.e. Æ1 ; Æ2 ; Æ3 ; Æ4 > 0.
Let us onsider an initial time instant t1 = 0 at whi h time the initial
bu er levels are

x(t1 ) := (x1 (t1 ); x2 (t1 ); x3 (t1 ); x4 (t1 )) = (; 0; 0; 0)
where  > 0 is large enough. We will also suppose that at time t1 , ma hine
1 is urrently set-up for bu er 4, while ma hine 2 is set-up for bu er 3.
As in [18℄, throughout this paper, for simpli ity of presentation, we will
treat part ows as ontinuous rather than dis rete; all the results remain
valid for dis rete ows with the only di eren e being that one will have to
in orporate the e e ts of integer round-o s into the al ulations.
We will analyze the future evolution of the system in stages, as in eventdriven simulation. A graph of the behavior of the system is shown in Figure
2.
Stage 1. Ma hine 1 begins a set-up for bu er 1 at t1 and ompletes the
set-up at a time t2 := t1 + Æ1 . One has x1 (t2 ) =  + Æ1 due to the in ow of
Æ1 units into bu er 1. However, one still has x2 (t2 ) = x3 (t2 ) = x4 (t2 ) = 0.
Stage 2. Ma hine 2 begins a set-up for bu er 2 at t2 and ompletes the setup at time t3 := t2 + Æ2 . One has x1 (t3 ) = x1 (t2 ) + Æ2 Æ12 , sin e an amount
Æ2 has entered bu er 1 while the amount Æ12 has been pro essed and sent to

Figure 2: The Behavior of the System of Example 1 for the Case of Positive
Set-Up Times
bu er 2. Thus x2 (t3 ) = Æ12 , while x3 (t3 ) = x4 (t3 ) = 0. If  is large enough,
we are guaranteed that bu er 1 does not empty in the interval [t2 ; t3 ℄.
Stage 3. Ma hines 1 and 2 work on bu ers 1 and 2, respe tively, in the timeinterval [t3 ; t4 ℄ where t4 := t2 + x1 (1t2 )1 is the time at whi h bu er 1 empties,
1
i.e. x1 (t4 ) = 0. The ondition 1 < 2 of (6) ensures that the level of bu er 2
stays positive throughout [t3 ; t4 ℄. Note that x2 (t4 ) =  +(t4 t1 ) 12 (t4 t3 )
sin e the initial amount in bu er 1 at time t1 plus the amount (t4 t1 )
entering bu er 1 in the time interval [t1 ; t4 ℄ are pro essed by ma hine 1 and
sent to bu er 2, while it has, in turn, pro essed and sent 12 (t4 t3 ) to bu er
3. Thus x3 (t4 ) = 12 (t4 t3 ) while x4 (t4 ) = 0.
Stage 4. After emptying its bu er 1 at time t4 , the rate at whi h ma hine
1 works on bu er 1 drops to 1 to mat h the input rate exa tly. At t5 :=
t4 + x2 (1t4 )1 , bu er 2 empties, i.e. x2 (t5 ) = 0. One has x1 (t5 ) = 0 sin e bu er 1
2
is pro essing at exa tly the same rate as the input. Also x3 (t5 ) =  +(t5 t1 ),
sin e the initial amount  in bu er 1 plus the amount (t5 t1 ) entering the
system in [t1 ; t5 ℄ have been sent through to bu er 3. Still, x4 (t5 ) = 0.
Stage 5. At time t5 , ma hine 2 ommen es a set-up to bu er 3 and ompletes
the set-up at t6 := t5 + Æ3 . Note that one still has x1 (t6 ) = 0 sin e bu er 1
ontinues to pro ess at exa tly its input rate, x2 (t6 ) = Æ3 sin e the amount Æ3
pro essed by ma hine 1 in [t5 ; t6 ℄ is deposited in bu er 2, and x3 (t6 ) = x3 (t5 )
sin e ma hine 2 has not pro essed any parts from bu er 2 in [t5 ; t6 ℄. Still,

x4 (t6 ) = 0.
Stage 7. At t6 bu er 4 starts lling up, and so ma hine 1 ommen es a
set-up for bu er 4, whi h is ompleted at t7 := t6 + Æ4 . One has x1 (t7 ) =
Æ4 ; x2 (t7 ) = x2 (t6 ); x3 (t7 ) = x3 (t6 ) Æ43 , and x4 (t7 ) = Æ34 .
Stage 6. At t8 := t7 + 3 x3 (t7 ), bu er 3 empties and so x3 (t8 ) = 0. The
ondition 3 < 4 of (6) guarantees that ma hine 1 is still pro essing bu er 4,
and so x4 (t8 ) = x4 (t7 ) ( 14 13 )(t8 t7 ). The level of bu er 1 ontinues to
in rease due to the external input of rate 1, and so x1 (t8 ) = x1 (t7 )+(t8 t7 ),
and x2 (t8 ) = x2 (t7 ).
Stage 8. Sin e bu er 3 empties at t8 , ma hine 2 ommen es a set-up for
bu er 2 at t8 , and ompletes it at t9 := t8 + Æ2 . One has x1 (t9 ) = x1 (t8 ) +
(t9 t8 ); x2 (t9 ) = x2 (t8 ); x3 (t9 ) = 0 and x4 (t9 ) = x4 (t8 ) 14 (t9 t8 ). If  is
large enough, bu er 4 will not empty in [t8 ; t0 ℄.
Stage 9. At t10 := t9 + 2 x2 (t8 ), bu er 2 empties, i.e. x2 (t10 ) = 0. One has
x1 (t10 ) = x1 (t9 ) + (t10 t9 ); x3 (t10 ) = x2 (t9 ), and x4 (t10 ) = x4 (t9 ) 14 (t10
t9 ). Again, if  is large enough, bu er 4 does not empty in [t9 ; t10 ℄.
Stage 10. Ma hine 2 ommen es a set-up for bu er 3 at t10 whi h is ompleted at t11 := t10 + Æ3 . One has x1 (t11 ) = x1 (t10 ) + (t11 t10 ), x2 (t11 ) = 0,
x3 (t11 ) = x3 (t10 ), and x4 (t11 ) = x4 (t10 ) 14 (t11 t10 ). The assumption that
 is large enough guarantees that bu er 4 does not empty in [t10 ; t11 ℄.
Stage 11. At t11 , ma hine 2 ommen es pro essing parts from bu er 3,
emptying it at t12 := t11 + 3 x3 (t11 ). Thus x3 (t12 ) = 0. Moreover, when
 is large enough, ma hine 1 is still pro essing parts from bu er 4. Thus
x1 (t12 ) = x1 (t11 ) + (t12 t11 ) and x2 (t12 ) = 0. Finally, x4 (t12 ) = x4 (t11 )
1
4 (t12 t11 )+ x3 (t11 ) sin e the ontents of bu er 3 at t11 have been pro essed
and sent to bu er 4.
Stage 12. At t13 := t12 + 4 x4 (t12 ), bu er 4 empties, i.e. x4 (t13 ) = 0. One
has x1 (t13 ) = x1 (t12 ) + (t13 t12 ); x2 (t13 ) = 0, and x3 (t13 ) = 0. Note that
ma hine 1 is still set-up for bu er 4 at t13 , while ma hine 2 is still set-up for
bu er 3.
A straightforward omputation shows that t13 = t1 + ( + 1 22 ) + ,
and x1 (t13 ) =  + , where

 := 4 > 1;
1 2
:=

(4 + 1)(Æ1 + Æ2 )
+ Æ3 (4 + 1) + Æ4 ;
(1 2 )

and

4 (Æ1 + Æ2 )
+ 4 Æ3 + Æ4 :
1 2
The important feature to note is that starting at a ertain time T0 at
x(T0 ) = (; 0; 0; 0), with ma hines 1 and 2 set-up to bu ers 4 and 3, respe tively, we return at a time T1 := T0 +(+ 1 22 ) + to x(T1 ) = ( + ; 0; 0; 0)
with ma hines 1 and 2 again set-up to bu ers 4 and 3, respe tively. This
pattern of behavior therefore re urs in nitely often, and we obtain,

Tn+1 = Tn + ( + 2 )x1 (Tn ) + ;
1 2
:=

x(Tn+1 ) = (x1 (Tn ) + ; 0; 0; 0):
Noting that  > 1 due to (3), we thus obtain limn!1 x1 (Tn ) = +1, proving that the bu ers are not bounded. Regarding the throughput of the
manufa turing system we note that,
System output in [T0 ; Tn ℄
=1
System input in [T0 ; Tn ℄

x1 (Tn ) x1 (T0 )
Tn T0

!  +1  < 1;
2
4

by virtue of (3). Hen e the system does not produ e parts at the desired
(input) rate.
Case 2: No Set-Up Times
Now we turn to the situation where Æ1 = Æ2 = Æ3 = Æ4 = 0, i.e. all the
set-up times are zero. We will assume that the initial ondition at t1 = 0 is
as before, i.e. x(t1 ) = (; 0; 0; 0) where  > 0. Due to the absen e of set-up
times, the analysis is in fa t a little easier than before.
Stage 1. At t2 := t1 + x1 (1t1 )1 , bu er 1 lears. During the interval [t1 ; t2 ℄,
1
ma hine 2 is pro essing bu er 2, and so x(t2 ) = (0;  ( 12 1)(t2 t1); 12 (t2
t1 ); 0). After t2 , sin e bu er 4 is empty, ma hine 1 ontinues to pro ess bu er
1, but at the redu ed rate of 1, due to starvation.
Stage 2. At time t3 = t2 + x2 (1t2 )1 , bu er 2 is leared. Thus x(t3 ) = (0; 0;  +
2
t3 t1 ; 0). Sin e ma hine 2 starts pro essing bu er 3 at t3 , bu er 4 starts
lling up, and so ma hine 1 starts pro essing bu er 4.
Stage 3. At time t4 = t3 + 3 x3 (t3 ), bu er 3 lears. Hen e x(t4 ) = (t4
t3 ; 0; 0; ( 13 14 )(t4 t3 )).
Stage 4. At time t5 = t4 + 4 x4 (t4 ), bu er 4 lears. Thus x(t5 ) = (t5
t3 ; 0; 0; 0).

A omputation shows that x1 (t5 ) =  where  := 1 42 > 1 as before.
Thus at t5 , the state of the system is a magni ed version of that at time t1 .
Hen e limn!1 x1 (t4n+1 ) = +1.
The main reason for the instability of this system is that during time
intervals su h as [t2 ; t3 ℄, ma hine 1 is for ed to work at the redu ed rate of
1 on bu er 1, due to its bu ers being starved of input. Thus, valuable proessing apa ity is lost. Also ma hine 2 is for ed to be idle during intervals
su h as [t4 ; t5 ℄ due to starved bu ers. Thus the dynami instability is purely
starvation indu ed, and os illatory. The os illatory nature is aused solely
by the non-a y li nature of the manufa turing system.
The following example exhibits two further phenomena. First, it shows
that dynami instability an arise even if no part-type ever revisits a mahine. It also shows that one an have stability or instability, depending on
the system initial onditions.

Figure 3: The System of Example 2

Example 2 Consider the system shown in Figure 3 where there are 2 part-

types and 2 ma hines. Both part-types have an input rate of 1. Parttype 1 rst visits bu er 1 at ma hine 1 and then bu er 2 at ma hine 2,
while part-type 2 rst visits bu er 3 at ma hine 2 and then bu er 4 at
ma hine 1. The pro essing times of the parts in bu ers 1, 2, 3 and 4 are
1 ; 2 ; 3 and 4 , respe tively, while the times for setting-up to these bu ers
are Æ1 ; Æ2 ; Æ3 ; Æ4 > 0.
We will assume that the parameters above satisfy,

2 + 4 > 1;
Æ1 + Æ4
=
1 1 4
Æ4 < (1
Æ2 < (1

Æ2 + Æ3
=: ;
1 2 3
3 4 );
1 2 );

(7)
(8)
(9)
(10)

and that the apa ity ondition (1) is met, i.e.

1 + 4 < 1

and

2 + 3 < 1:

(A set of feasible parameters is (1 ; 2 ; 3 ; 4 ; Æ1 ; Æ2 ; Æ3 ; Æ4 ) = ( 14 ; 12 ; 41 ; 23 ; 301 ; 15 ; 201 ; 201 ),
for example). We will analyze this system when a s heduling poli y of learing type is employed; there is only one su h learing poli y.
Case 1: A Periodi Regime
First we will show that there exists an initial ondition for whi h all
bu ers are bounded; for this demonstration we do not need the assumption
(7).
Consider a time t = 0 at whi h bu ers 1 and 3 have just been leared,
and so a set-up ommen es for bu ers 2 and 4. We will assume that x2 (0) =
x4 (0) =  > 0, while x1 (0) = x3 (0) = 0, as stated.
Note that ma hine 1 ompletes the set-up for bu er 4 at time t = Æ4 ,
then lears bu er 4 at time t = Æ4 + 4 . and ompletes the set-up for bu er
1 at t = Æ4 + 4 + Æ1 .
Meanwhile, ma hine 2 ompletes the set-up for bu er 2 at t = Æ2 , then
lears bu er 2 at t = Æ2 + 2 , and ompletes the set-up for bu er 3 at
t = Æ2 + 2 + Æ3 .
Sin e Æ4 + 4 < Æ2 + 2 + Æ3 , by virtue of (9) and the se ond equality
in (8), bu er 4 is leared before ma hine 2 starts pro essing bu er 3, and
so one does not need to onsider the possibility that bu er 4's learing is
delayed. Similarly, due to Æ2 + 2 < Æ4 + 4 + Æ1 by virtue of (10,8), bu er
2's learing time is indeed Æ2 + 2 .
At t = Æ4 + 4 + Æ1 , bu er 1 has a umulated Æ4 + 4 + Æ1 parts, whi h
are leared at time t = (Æ4 + 4 + Æ1 ) + (Æ4 + 1 4 +1Æ1 ) = . Similarly bu er 3
1
is leared at time exa tly equal to .
Thus at t = , we return to the same system state as that at t = 0, and
so we have a periodi steady state where all bu ers are bounded for all time.
It is worth noting that this syn hronization of events depends on ondition (8) holding exa tly. It is a rather fragile stability, as we shall see in the
next ase.
Case 2: An Unstable Regime
Now we will onsider a di erent initial ondition for the system. At time
t1 , we start with x(t1 ) = (; 0; 0; 0) with  > 0 large enough, and ma hine 1
set-up for bu er 4, while ma hine 2 is set-up for bu er 3. We shall abbreviate

the details of the arguments. (Conditions (8-10) are unne essary for this
analysis).
Stage 1. Ma hine 1 ompletes the set-up for bu er 1 at t2 = t1 + Æ1 , and
x(t2 ) = (x1 (t1 ) + Æ1 ; 0; 0; 13 (t2 t1 )). Note that ma hine 2 is pro essing at
the redu ed rate of 1 at bu er 3 in [t1 ; t2 ℄.
Stage 2. Ma hine 2 ompletes the set-up for bu er 2 at t3 = t2 + Æ2 . x(t3 ) =
(x1 (t2 ) ( 11 1)(t3 t2 ); 11 (t3 t2 ); (t3 t2 ); x4 (t2 )).
Stage 3. Ma hine 1 lears bu er 1 at t4 = t3 + x1 (1t3 )1 . x(t4 ) = (0; x2 (t3 ) +
1
( 11 12 )(t4 t3 ); x3 (t3 ) + (t4 t3 ); x4 (t3 )).
Stage 4. Ma hine 1 ompletes the set-up for bu er 4 at t5 = t4 + Æ4 . x(t3 ) =
((t5 t4 ); x2 (t4 ) 12 (t5 t4 ); x3 (t4 ) + (t5 t4 ); x4 (t4 )).
Stage 5. Ma hine 1 lears bu er 4 at t6 = t5 + 4 x4 (t4 ). x(t6 ) = (x1 (t5 ) +
(t6 t5 ); x2 (t5 ) 12 (t6 t5 ); x3 (t5 ) + (t6 t5 ); 0).
Stage 6. Ma hine 1 ompletes the set-up for bu er 1 at t7 = t6 + Æ1 . x(t7 ) =
(x1 (t6 ) + (t7 t6 ); x2 (t6 ) 12 (t7 t6 ); x3 (t6 ) + (t7 t6 ); 0).
Stage 7. Ma hine 1 lears bu er 1 at t8 = t7 + x1 (1t7 )1 . x(t8 ) = (0; x2 (t7 ) +
1
( 11 12 )(t8 t7 ); x3 (t7 ) + (t8 t7 ); 0). Sin e bu er 4 is empty, ma hine 1
ontinues to work on bu er 1 at the redu ed rate of 1 after t8 .
Stage 8. Ma hine 2 lears bu er 2 at t9 = t8 + x2 (1t8 )1 . x(t9 ) = (0; 0; x3 (t8 ) +
2
(t9 t8 ); 0).
Any easy way to ompute t9 is as follows. During the period [t1 ; t9 ℄
ma hine 2 has pro essed the amount  in bu er 1 at t1 plus the amount
(t9 t1 ) that ame in during [t1 ; t9 ℄. Thus 12 (t9 t1 Æ1 Æ2 ) =  + (t9
1
t1 ), giving t9 = t1 + +2 1(Æ11+Æ2 ) . Sin e bu er 3 was not pro essed during
2

1

[t2 ; t9 ℄; x3 (t9 ) = t9 t2 = t9 t1 Æ1 = +2 1(Æ11+Æ2 ) Æ1 .
2
Note that at t9 , the state of the system is the mirror-image of the state
at t1 . Hen e, by repeating the mirror image of the analysis of Stages 1-8,
4
we arrive at a time t17 when x(t17 ) = ( + ; 0; 0; 0) where  := (1 22)(1
4 )
h
i
 1
Æ
+Æ2
1
1
1
and := 1 2 Æ1 + 4 (Æ3 + Æ4 ) 4 1 . Also, as at t1 , ma hine 1 is
set-up for bu er 4 and ma hine 2 for bu er 3.
Hen e the situation is the same as at t1 , ex ept that the level of bu er
1, x1 , has been magni ed. Thus lim supt x1 (t) = +1.
Thus we see that the same system an possess both stable and unstable
modes of behavior. Moreover, for instability, it is not ne essary for a part
to revisit a ma hine.

4

A SUFFICIENT CONDITION FOR STABILITY OF CAF POLICIES

On e the existen e of dynami instability has been established, it is natural
to ask what the onditions are under whi h CAF poli ies are stable for all
initial onditions.
The weakest easily veri able suÆ ient ondition for su h stability, whi h
we have been able to determine, involves a onsideration of the system topology as well as demand and pro essing rates.
The intuitive idea is as follows. Suppose that a ma hine m re eives
in ow of a part-type p from a ma hine m0 . There are two ases to onsider.
If there is any ow of any type of part from m ba k to m0 , then m and
m0 are involved in a y le of material ows, and we have already seen that
in su h y les there is the potential for instability. Thus, to rule out su h
instability, we will require that ma hine m possess enough apa ity to handle
the \peak" in ow rate of parts of type p, i.e. the rate at whi h ma hine m0
pro esses su h parts. On the other hand, if there is no ow of parts of
any type from m ba k to m0 , then m and m0 are not involved in a y le
of material ows and so there is no danger of instability; onsequently we
only require that ma hine m have enough apa ity to handle the average
rate of in ow of parts of type p, whi h is dp . The result below shows that
when every ma hine has enough apa ity to handle peak demand for parts
oming to it from ma hines with whi h it is involved in a y le, but only
average demand when otherwise, then the resulting overall system is stable
under CAF poli ies. This resulting apa ity ondition is more stringent
than (1) be ause the rate at whi h a prede essor ma hine pro esses parts
is always larger than the average in ow rate. In what follows we make this
idea pre ise.
Let us rst onstru t a dire ted graph G = (V; A) whi h di ers slightly
from that in Se tion 2. Let V be the set of ma hines, and let the ar set A
be de ned as follows,
A := f(m; m0 )jm 6= m0 ; and there exists (p; i) su h that p;i = m; p;i+1 = m0 g:
The only di eren e between the graph de ned here and that in Se tion 2 is
that here we eliminate all \self-loops" onsisting of ar s of the form (m; m)
from A. (Thus the graph G de ned here may have no dire ted y les, and yet
the manufa turing system an still be non-a y li as de ned in Se tion 2).
We shall say that m0 is rea hable from m if there is a dire ted path from
m to m0 ; we shall write this as \m ! m0 ." If m ! m0 and m0 ! m, we shall

say that m and m0 are di onne ted, and write \m $ m0 ". By onvention,
we shall always say that m $ m. Note that \$" is an equivalen e relation;
hen e it partitions V into disjoint sets G1 ; : : : ; Gr with the properties that
(i) m $ m0 if and only m; m0 2 Gi for some i, (ii) Gi \ Gj =  for i 6= j ,
and (iii) [i Gi = V .
On fG1 ; : : : ; Gr g we have the following indu ed partial ordering. We will
say that Gi ! Gj if and only if there exist m 2 Gi ; m0 2 Gj with m ! m0 .
Our suÆ ient ondition for stability of CAF poli ies is given by the
following theorem.

Theorem 1 For ea h bu er bp;i de ne,
p;i := 0 if p;j = p;i for all j  i;
:= j if p;j 6= p;i but p;k = p;i for j + 1  k  i;

(11)

and then de ne the \prior ma hine" p;i visited by part-type p as follows:

p;i :=  if p;i = 0;
:= p;p;i otherwise.

(12)

For ea h bu er bp;i we next de ne the \modi ed input rate" d0p;i as follows:
d0p;i := dp if either p;i =  or p;i is not di onne ted with p;i;
1
if p;i $ p;i:
(13)
:=
p;p;i
If the more stringent apa ity ondition,
X
0m :=
d0p;ip;i < 1
f(p;i):p;i =mg

for all m;

(14)

holds, then all CAF poli ies are stable for all system initial onditions.

Proof: Let us onsider the equivalen e lasses of ma hines G1 ; : : : ; Gr indu ed by the relation \$". As noted earlier, on fG1 ; : : : ; Gr g there is a
natural partial ordering \!", and let fG1 ; : : : ; Gl g, say, be the set of minimal elements with respe t to this partial ordering. (We say that Gi is
\minimal" if there is no Gj su h that Gj ! Gi ).

First we will show that all the bu er levels at the ma hines in any of
these minimal elements are bounded. For the sake of de niteness, onsider
a ma hine m 2 G1 .

For ea h bu er bp;i with p;i = m we de ne

p;i := maxfj : p;k = m for i  k  i + j

1g

and note that (p;i 1) is the number of times that part-type p subsequently
\loops ba k" to m before visiting another ma hine or exiting from the system.
We shall onsider the following \Lyapunov fun tion,"

Vm (t) :=

X

f(p;i):p;i =mg

xp;i(t)[p;i + p;i+1 + : : : + p;i+p;i 1 ℄:

(15)

Let fTn g be the sequen e of times at whi h ma hine m ommen es a setup, and let (p?n ; i?n ) denote the bu er sele ted for the set-up of m ommen ed
at time Tn . Note that by the property (2) of CAF poli ies

xp?n ;i?n (Tn )  m

X

f(p;i):p;i =mg

xp;i (Tn ) Km :

For any (p; i) with p;i = m 2 G1 , if p;i = , then p;i is the rst
ma hine visited by part-type p. If p;i 6= , then there is some prior ma hine
p;i 2 f1; 2; : : : ; M g, di erent from m. Note that sin e part-type p moves
from p;i to p;i, we have p;i ! p;i. If p;i 6! p;i, then this would violate
the minimality of G1 . Hen e p;i $ p;i. Thus we see that the only two
possibilities are p;i = , or p;i $ p;i. Hen e, by the de nition of d0p;i in
(13), either d0p;i = dp in whi h ase part-type p enters the system at ma hine
m, or d0p;i = p;1 . Sin e p;1 is the maximum rate at whi h parts an
p;i
p;i
move out of bu er bp;p;i to bu er bp;i and into m, it follows that in either
ase, the maximum rate of entry of parts into m is d0p;i. Thus,
X
In ow of work to m in [Tn ; Tn+1 ℄ 
d0p;i [p;i+p;i+1+: : :+p;i+p;i 1 ℄(Tn+1 Tn )
f(p;i):p;i =m;p;i 1 =
6 mg
(16)
where work is measured in the time-units that ma hine m would take to
pro ess.
Now we onsider two ases. If ma hine m has been a tive during the
entire period [Tn + Æbp? ;i? ;bp?n ;i?n ; Tn+1 ℄, then one has,
n

Vm (Tn+1 )  V (Tn ) +

1

n

1

X

d0p;i [p;i + p;i+1 + : : : + p;i+p;i 1 ℄(Tn+1 Tn )

f(p;i):p;i =m;p;i 1 6=mg
(Tn+1 Tn Æbp? ;i?
n

1

n

1 ;bp?n ;i?n

)

sin e by (16) the rst term in the above summation represents an upper
bound on the work that has arrived in the interval [Tn ; Tn+1 ℄, while the se ond term in the summation represents the work done in [Tn +Æbp? ;i? ;bp?n ;i?n ; Tn+1 ℄,
n 1 n 1
On the other hand, ma hine m ould have been for ed to pro ess at less than
the maximum rate due to starvation, whi h happens when Vm (s) = 0 for
1
some s 2 (Tn ; Tn+1 ℄. But then, sin e (14) implies d0p;i < p;i
, the rate at
whi h work enters in the interval [s; Tn+1 ℄ is less than the rate at whi h it
is ompleted, and so it follows that Vm (t) = 0 for s  t  Tn+1 , and in
parti ular Vm (Tn+1 ) = 0. Hen e, in either ase, one has the inequality,
X
Vm (Tn+1 )  max[0; V (Tn ) +
d0p;i[p;i + p;i+1 + : : : + p;i+p;i 1 ℄(Tn+1 Tn )
f(p;i):p;i =m;p;i 1 =
6 mg
(17)
(Tn+1 Tn Æbp? ;i? ;bp?n ;i?n )℄
n

1

n

1

It is easy to see that sin e p;i = p;i 1 ) d0p;i = d0p;i 1 by virtue
of (11,12,13), one has
X
X
d0p;i [p;i+p;i+1+: : :+p;i+p;i 1 ℄ =
d0p;i p;i = 0m ;
f(p;i):p;i =m;p;i 16=m g
f(p;i):p;i =mg
where the last equality follows from the de nition in (14). Hen e, (17)
simpli es to,
Vm (Tn+1 )  max[0; Vm (Tn ) (1 0m )(Tn+1 Tn ) + Æ℄;
(18)
where Æ := maxb;b0 2Bm Æb;b0 > 0:
As a onsequen e of (18) one has the following impli ation:
2Æ
) Vm (Tn+1)  max[0; Vm (Tn) Æ℄:
(Tn+1 Tn ) 
1 0m
Moreover by the \ learing" property:
2Æ
xp?n ;i?n (Tn ) 
(1 0m )p?n ;i?n

(19)


) Tn+1 Tn  1 2Æ0 :
m

Also, by the CAF property (2):
X
K
2Æ
+ m
xp;i(Tn ) 
0
?
?

(1

)

m
m pn ;in m
f(p;i):p;i =mg

(20)


) xp?n;i?n (Tn )  (1 20 Æ) ? ? :
m pn ;in
(21)

Finally, by (15):
2Æ
K 
+ m
0
m (1 m ) m

K
2Æ
+ m;
0
m (1 m )p?n ;i?n m
f(p;i):p;i =mg
(22)
where  := maxf(p;i):p;i =mg [p;i+p;i+1+: : :+p;i+p;i 1 ℄ and  := minf(p;i):p;i =mg p;i.
From (22,21,20,19), it thus follows that by on atenating the impli ations:

Vm (Tn )  m ) Vm (Tn+1 )  Vm (Tn ) Æ;


Km  
2Æ
where m := max m  (1
0m ) + m ; Æ . This proves the ultimate bound 0m for all
ness of Vm (Tn ), and thus also of Vm (t) sin e Vm (t)  Vm (Tn ) + Æ
t 2 [Tn ; Tn+1 ℄.
Thus we have shown that the levels of the bu ers of all the ma hines in
the minimal elements G1 ; : : : ; Gl are bounded by, say, .
The proof now pro eeds by indu tion. Sin e the remaining steps of the
indu tion are all similar, for simpli ity of notation we show the se ond step
of the indu tion pro ess only.
Let us now delete these minimal elements from fG1 ; : : : ; Gr g, and onsider the redu ed set fGl+1 ; : : : ; Gr g with the same (i.e. a restri tion of the)
partial order \!" as before. Let Gl+1 ; : : : ; Gl+q , say, be the new minimal
elements of fGl+1 ; : : : ; Gr g with respe t to the partial order \!". Consider
an arbitrary minimal element, say Gl+1, and onsider an arbitrary ma hine
m in it, i.e. m 2 Gl+1 .
Let us x attention on a bu er bp;i 2 Bm . If p;i = , then part-type p
enters the system at m, and so the rate of entry of su h parts is d0p;i = dp
by (13). If not, then there is a previous ma hine p;i 2 f1; : : : ; M g visited
by the part-type p. Note that p;i 62 [rn=l+2Gn sin e that would violate
the minimality of Gl+1 . Hen e either p;i 2 Gl+1 or p;i 2 [ln=1Gn . If
1 by (13), it follows that the maximum
p;i 2 Gl+1 , then sin e d0p;i := p;i
rate at whi h parts move from bp;p;i to m is d0p;i . Lastly, if p;i 2 [ln=1Gn ,
then p;k 2 [ln=1 Gn for all 1  k  i 1, sin e G1 ; : : : ; Gl were originally
minimal, and so part-type p enters the system at a rate dp at one of the
ma hines in [ln=1 Gn . However, sin e all the bu ers of su h ma hines are
bounded by ,
In ow of parts in [Tn ; Tn+1 ℄  d0 [Tn+1 Tn ℄ + ;
(23)
Vm (Tn ) 

)

X

xp;i (Tn ) 

p;i

sin e d0p;i := dp in this ase.

Note therefore, that in all ases, one has an inequality su h as (23) (where
an even be set to 0 in the rst two ases), and so,
X
In ow of work to m in [Tn ; Tn+1 ℄ 
fd0p;i[p;i + : : : + p;i+p;i 1 ℄(Tn+1
f(p;i):p;i =m;p;i 16=m g
+ (p;i + : : : + p;i+p;i 1 )g
=
0m (Tn+1 Tn ) +  ;

Tn )

P

where  := f(p;i):p;i =m;p;i 1=6 m g [p;i + : : : + p;i+p;i 1 ℄. This is a simple
generalization of the bound in (16).
Now let us examine the work done by ma hine m in the time interval
[Tn + Æbp? ;i? ;bp?n ;i?n ; Tn+1 ℄, in whi h period ma hine m is a tive. If it did
n 1 n 1
not pro ess at the maximum rate of p?1;i? throughout this time interval,
n n
then there is a time instant s 2 (Tn ; Tn+1 ℄ at whi h V (s) = 0, sin e ma hine
m must have been starved at some su h time instant. If s = Tn+1 , then
Vm (Tn+1 ) = 0. If not, let s be the last su h time instant. In [s; Tn+1 ℄,
ma hine m works at the maximum rate, and so the work ompleted is (Tn+1
s). However then the work entering in [s; Tn+1 ℄ an be at most 0m (Tn+1
s) +  .
Thus, by overing all ases, we obtain the relation,
Vm (Tn+1 )  maxf0; Vm (Tn ) (1 0m )(Tn+1 Tn ) + Æbp?n ;i?n ;bp?n ;i?n +  ; max [ 
Tn sTn+1
0
 maxf  ; Vm (Tn ) (1 m )(Tn+1 Tn) + Æbp?n ;i?n +  g;
whi h is a simple generalization of the re urren e bound (17). Thus by repeating the earlier arguments, we obtain the ultimate boundness of Vm (Tn ).
 0m + 
The boundedness of Vm (t) follows by noting that Vm (t)  Vm (Tn ) + Æ
for all t 2 [Tn ; Tn+1 ℄.
Continuing by indu tion, one an next remove fGl+1 ; : : : ; Gl+q g, and by
a repeated appli ation of this te hnique, the proof is ompleted.
5

A UNIVERSALLY STABILIZING SUPERVISORY MECHANISM

The suÆ ient ondition (14) for CAF poli ies to be stable for all system
initial onditions is a more stringent requirement than the apa ity ondition (1) sin e 0m  m . Hen e rather than restri tively requiring (14) to

(1 0m )(Tn+1

hold, we are interested in obtaining poli ies whi h are stable whenever (1)
holds. However, as shown in Se tion 3, dynami instability is a very real
possibility. Is there a simple \stabilization" me hanism by whi h a supervisor an modify any s heduling poli y so that it be omes stable when only
(1) holds?
We will now show there does exist su h a \universal" safety me hanism, whi h an moreover be trivially implemented by a supervisor, in a
distributed fashion, at the various ma hines. Essentially this me hanism
onsists simply of:

i) trun ating all long produ tions runs, and
ii) maintaining a separate rst- ome rst-serve (FCFS) priority queue Qm
for large bu ers, at ea h ma hine m.
For ea h ma hine m, let m be a large number satisfying,
m (1

m ) >

X

b2Bm

max Æb0 ;b :

b0 2Bm

(24)

Sin e m < 1 by the apa ity ondition (1), su h a hoi e is learly feasible.
Se ond, we shall arbitrarily hoose for ea h bu er bp;i a nonnegative number
zp;i . The pre ise operation of the supervisor is given by the following ve
rules to be implemented in a distributed fashion at ea h ma hine m.
The Trun ation Rule No pro essing run of bu er bp;i at ma hine m is
ever allowed to ontinue beyond m dp p;i time units.
The Rule for Entering Qm A bu er bp;i enters the tail of the priority
queue Qm if (i) bp;i is not being pro essed or set-up, and (ii) its bu er level
xp;i ex eeds zp;i .
The Bu er Sele tion Rule If Qm 6=  when a pro essing run terminates, then the bu er at the head of the priority queue Qm (i.e. a ording
to a FCFS dis ipline) is hosen next for pro essing.
The Rule for Leaving Qm A bu er leaves the priority queue Qm when
it is taken up for pro essing, i.e. a set-up is ommen ed.
The Rule for the Pro essing Time for a Bu er from Qm If a
bu er bp;i from Qm is taken up for pro essing, then it is pro essed for exa tly
m dp p;i time units, unless it lears before this amount of time has elapsed.
It should be noted that the above rules do not restri t in any way whi h
bu er is hosen for pro essing if Qm is empty. Thus, ex ept for the trunation rule, the supervisory me hanism intervenes only when bu er levels
be ome large, and is otherwise unobtrusive.

A se ond point to note is that after ompleting a pro essing run, a bu er
bp;i may immediately enter Qm ; this happens if its bu er level at the end of
the pro essing run is larger than zp;i.
It is worth mentioning that there is onsiderable exibility in hoosing
the frequen y of supervisory intervention. For example, if zp;i := 0, then
the supervisor simply enfor es a First-Come-First-Serve (FCFS) dis ipline
among the non-empty bu ers, trun ating their pro essing runs after m dp p;i
time units. Thus the supervisor always intervenes. On the other hand, if
a poli y is already stable, and if both zp;i and m are hosen large enough,
then the supervisor never intervenes. Hen e, by hoosing zp;i and m , the
degree of supervisory intervention an be adjusted.
In what follows we prove that this supervisory me hanism guarantees
stability.
The following preliminary lemma exhibits four key onsequen es of the
supervisory me hanism.

Lemma 1 Suppose bu er bp;i enters Qm (where m = p;i) at a time instant
tin and has its subsequent pro essing run ompleted at a time t omplete .
i) Then,

t omplete tin 

where

m :=

m (1

m )

Note that m > 0 by (24).

ii) Let

m

X
b2Bm

m ;
max Æb0 ;b :

b0 2Bm

P

(25)
(26)

:= ij =1 p;i xp;j (t) be the ba klog of work for ma hine m in
the prior bu ers visited by part-type p. Then xp;i(tin)  m dp )
p;i (t omplete )  p;i (tin ) m dp p;i .
iii) Suppose t0 is su h that xp;i() max( m dp ; zp;i ) for all  2 [tin; t0 ℄.
(t )
Then t0 tin  1 + mp;idp inp;i ( m m ).
p;i (t)

iv) Suppose [t; t0 ℄ is any interval su h that
xp;i()  gp;i for all  2 [t; t0 ℄;
where gp;i := max(

m dp ; zp;i ) + m dp ,

t0 t  ap;i +

then
p;i p;i (t);



where ap;i := 2 + (

m m )
m



(

m

m ) and

p;i

:=

( m m )

m dp p;i

.

When bp;i enters Qm , at worst all other bu ers b 2 Bm an
be ahead of bp;i in Qm . By the trun ation rule, allowing for set-up times,
bu er bp;i is guaranteed to have its pro essing run terminated by,

Proof: (i)

t omplete

 tin +

X

m dq qj

X

max Æb0 ;b
b0 2Bm
b2Bm
f(q;j ):q;j=m g
X
= tin + m m +
(by (1)).
max Æb0 ;b
b0 2Bm
b2Bm
= tin + m m
(by (26)).
+

whi h proves (i).
(ii) If xp;i(tin)  m dp at a time tin that bp;i enters Qm , then sin e its
bu er annot be leared in less than m dp p;i time units of pro essing, it
follows from the rule for the pro essing time for a bu er from Qm that the
subsequent pro essing time lasts exa tly m dp p;i time units. In the time
interval [tin; t omplete ℄, a quantity dp (t omplete tin) of parts of type p
have entered the system at ma hine (p; 1). Thus,
p;i (t

omplete ) =
=



p;i (tin ) + dp p;i (t

omplete
(
t
)
+
d

(
t
p;i in
p p;i omplete
p;i (tin ) dp p;i m

tin)
tin

m dp p;i
m)

(by (i)):

The proof is by ontradi tion. Suppose not, i.e. (t0 t) > (1 +
in
m dp p;i )( m m ). Let t omplete > tin be the next time its pro essing run
is terminated. By (i) it follows that t(1)omplete t(1)
in  m m , and so
t(1)omplete  t0 . Hen e xp;i(t(1)omplete )  p;i again, and so bp;i again enters
(1)
(2)
Qm at t(2)
in := t omplete , and orrespondingly let t omplete be the next time
at whi h it again ompletes a pro essing run. Again, by (i), (t(2)omplete


p;i (tin )
tin)  2( m m ). If now, 2  1 + m dp p;i , then bp;i again enters Qm
p;i (tin )
(2)
at t(3)
in := t omplete , and so on. If n := b1 + m dp p;i , then there are
(2)
(n) (n)
n su h intervals [tin; t(1)omplete ℄; [t(2)
in ; t omplete ℄; : : : ; [tin ; t omplete ℄ with

(iii)

p;i (t

)

1)
t(ink) = t(komplete
for 2  k  n, at the ommen ement of ea h of whi h,
xp;i (t(ink) )  p;i. Hen e, by (ii),
(n)

p;i (t

omplete )


<

p;i (tin )

nm dp p;i

p;i (tin )

m dp p;i

p;i (tin )

< 0;

!

m dp p;i

(sin e n >

p;i (tin )
)
m dp p;i

whi h is a ontradi tion, sin e the ba klog p;i(t) is always nonnegative.
At time t sin e xp;i(t)  zp;i , if bp;i is not in Qm , then it is either
being pro essed or set-up, by the rule for entering Qm . In any event, let
s denote the time of the end of the resulting produ tion run. If bp;i is
being pro essed or set-up at t, then s t  maxb;b0 2Bm Æbb0 + m dp p;i,
where the rst term on the right-hand side allows for a set-up time, and the
last term represents the maximum length of a produ tion run, due to the
trun ation rule. In ase bp;i 2 Qm at t, then s t  m m by (i). Sin e
m m > maxb;b0 2Bm Æbb0 + m dp p;i by (26), it follows that in all ases,

(iv)

s t

m

m

(27)

Moreover, by the trun ation rule, the number of parts pro essed in a run is
less than or equal to m dp . Hen e xp;i (s)  xp;i(t) m dp  max( m dp ; zp;i );
and so bp;i enters Qm at time s. By (iii) it follows that

t0

s 1+

p;i (s)

m dp p;i

and from (27) we thus obtain,

t0 t  2 +

!

p;i (s)



m

m );

(

m

m ):

p;i

an grow is dp p;i, and so

!

m dp p;i

Now note that the maximum rate at whi h
by (27), we have
p;i (s)

(

p;i (t) + dp p;i ( m

(28)

m ):

Substituting in (28) yields the result.
Our main theorem on erning the stabilizing property of this supervisory
me hanism is the following.

Theorem 2 If the above supervisory me hanism is applied to all the ma-

hines, then all bu er levels are bounded over all time for all initial system
states.

Proof: Consider any part-type p. We will prove by indu tion on i that the
bu er levels xp;i(t) are bounded for 0  t < +1.
Consider the rst ma hine m = p;1 visited by part-type p. Note that,
as a onsequen e, p;1 (t) = p;1xp;1 (t).
Let
t(1) := inf ft  0jxp;1 (t)  gp;1 g;
and indu tively de ne for k  1,
t(k) := inf ft > t(k) jxp;1 (t) < gp;1 g;
t(k+1) := inf ft > t(k) jxp;1 (t) = gp;1 g;
with the onvention that inf  := 1. Note that if t(k) < +1, then tk < +1
by Lemma 1(iv). Moreover, if any t(k) = +1, then xp;1 (t) is bounded (sin e
it is Lips hitz and has no \ nite es ape time"). So let us suppose t(k) < +1
for all k. Note also that again by the Lips hitz property, if we an prove
that ft(k) t(k) g is a bounded sequen e, then xp;1(t) is bounded.
Let us onsider k  2, and note that p;1 (t(k) ) = p;1xp;1(t(k) ) = p;1gp;1 ,
and so by Lemma 1(iv),
t(k) t(k)  ap;1 +

p;1 gp;1 p;1

for all k  2:

Sin e xp;1(t) is Lips hitz, it follows that it is bounded.
Now suppose for indu tion that,

xp;j (t) 

j

for all t  0; 1  j  i 1:

Consider bp;i. De ne, as earlier,

t(1) := inf ft  0jxp;i(t)  gp;i g;
and indu tively de ne for k  1

t(k) := inf ft > t(k) jxp;i(t) < gp;i g
t(k+1) := inf ft > t(k) jxp;i (t) = gp;i g:

Again, if t(k) = +1 for any k, then xp;i(t) is bounded. So let us suppose
that t(k) < +1 for all k. Now note for k  2,
(k)

p;i (t

) =


=

i
X
j =1
i 1
X
j =1
i 1
X
j =1

p;ixp;j (t(k) )
p;i

j

+ p;ixp;i(t(k) )

p;i

j

+ p;igp;i

Hen e, by Lemma 1(iv),

t(k)

2
i 1
X
t(k)  ap;i + p;i p;i 4gp;i +

j =1

3
j5 :

Sin e xp;i(t) is Lips hitz, it follows that it is bounded.
The me hanism des ribed above an therefore be used as a supervisory
\safety net" whi h an be used with any poli y to prevent it from dynami
instability. Moreover, it does not require a \ entralized" supervisor; a distributed implementation is feasible sin e ea h ma hine an a t as its own
supervisor.
6

CONCLUDING REMARKS

The present paper provides an analysis of the dynami s of non-a y li manufa turing systems. We now have an understanding of the intera tion of
the feedba k e e t aused by ows along dire ted y les, with the feedba k
introdu ed by employing losed-loop s heduling poli ies.
An important open issue is the obtaining of tight bounds on bu er levels
for systems with many ma hines. For the single-ma hine ase, su h bounds
are available in [18℄, and poli ies, whose performan e measured in terms of
average weighted bu er levels is very lose to a theoreti al lower bound, are
also available. However, for general systems with many ma hines, a good
understanding is not available, even for the simpler lass of a y li systems.
Given the importan e of good performan e, this issue needs to be properly
addressed.

It is also useful to both model and analyze the problem of dynamially s heduling the transportation subsystem. While the ma hine s heduling algorithms of this paper an be used with any \stable" transportation
s heduling poli y whi h guarantees bounded transportation delays, the preise analysis of performan e is not available.
Finally, the treatment of random un ertainties su h as yields, ma hine
failures, rework, demand hanges, et ., is very mu h of an open, and important problem.
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