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Abstract

We examine the problem of obtaining adaptive control laws which
tune themselves to control laws minimizing the variance of the tracking
error between the output of the linear ARMAX system and a specified
reference trajectory. If the reference trajectory is sufficiently rich of
order greater than or equal to the sum of the degrees of the control and
noise polynomials in the ARMAX system, then an adaptive controller
is exhibited for which the parameter estimates are strongly consistent.
For the linear model following problem where the trajectory to be
tracked is generated as the output of linear system, it is enough for
the order of sufficient richness to be greater than the degree of the
noise polynomial alone. Further, if the order of sufficient richness is
even smaller, as is often the case, then a lower dimensional adaptive
controller which does not attempt to estimate all the coefficients of the
noise polynomial is self-tuning.

Key words. adaptive control, self-tuning tracker

AMS(MOS) subject classifications. 93C40, 93E12, 93E20,
93C55

“Department of Electrical Engineering and the Coordinated Science Laboratory, Uni-
versity of Illinois, Urbana, Illinois 61801. The research of this author was supported in
part by the National Science Foundation under grants ECS-85-06628 and ECS-84-14676
and in part by the Joint Service Electronics Program under contract N00014-84-C-0149.

fCentre d’Automatique et Informatique, Ecole des Mines de Paris, France. Previously
visiting, Department of Electrical Engineering and the Coordinated Science Laboratory,
University of Illinois, Urbana, Illinois 61801. This author is a member of the Groupe
de Recherche Coordonee — Systemes Adaptatifs en Robotique, Traitement du Signal et
Automatique — of the Centre National de la Recherche Scientific



1 INTRODUCTION

The problem of stochastic adaptive control of linear ARMAX systems has
received considerable attention over the past decade. The notable pioneering
contributions are due to Astrém and Wittenmark [1] and Ljung [2,3]. Subse-
quently, Goodwin, Ramadge and Caines [4] and Goodwin and co-workers [5]
have proved the self-optimality of some adaptive control algorithms for min-
imum variance regulation and tracking. By self-optimality it is meant that
the cost, the time average of the square of the tracking error, is minimal.

Recently a stochastic gradient algorithm has been proved to be self-
tuning for the regulation problem, see [6]. (Recall that in the regulation
problem one wants the output of the system to stay as close as possible
to zero, whereas in the tracking problem one wants to track a given arbi-
trary trajectory). By “self-tuning” it is meant that the adaptive control law
converges to the optimal control law. This is clearly a property of funda-
mental interest since it implies that the adaptive controller can be used as
a mechanism for tuning to the parameters of an optimal control law.

In this paper we examine the problem of minimum variance tracking
where the goal is to ensure that the output of the system tracks a specified
reference trajectory with minimal average squared tracking error.

From a purely technical viewpoint the analysis of the tracking problem
along the lines of [6] has until now been stymied by the fact that a key
geometric property of the adaptive control algorithm, which renders the
regression and parameter estimate vectors orthogonal, holds only in the
regulation problem and not in the case of tracking. Our first contribution
here is to show how to overcome this difficulty by enlarging the dimension
of the regression vector.

Another well known difficulty with the tracking problem is that when
the reference trajectory to be tracked is a general non-zero trajectory (we
call this the general tracking problem), then the control law which allows
the trajectory to be tracked with minimum variance does require explicit
knowledge of the coefficients of the colored noise polynomial, see [4], [6],
[12]. This is another feature distinguishing the tracking problem from the
regulation problem. Consequently, it is necessary to identify some additional
parameters pertaining to the colored noise polynomial in order to obtain self-
tuning. Such identification is established in this paper under the natural
assumption that the reference trajectory is sufficiently rich of appropriate
order.

The second essential contribution of this paper is the examination of how



one may obtain self-tuning when the reference trajectory is not so rich as to
allow one to identify all the coefficients of the colored noise polynomial. For
example, in an important class of practical problems, called set-point prob-
lems, the output of the system is required to stay as close as possible to a
certain specified level. Thus the reference trajectory is a non-zero constant,
which is sufficiently rich of order one only. We examine such problems, which
violate the richness assumptions of the general tracking problem, by exam-
ining the problem of following trajectories which are generated by linear
models. We call these the linear model following problems. (The set-point
problem is a special case of the linear model following problem). Our second
class of main results is to show how one may adjust the dimension of the re-
gression vector to the degree of excitation present in the reference trajectory.
We then provide a proof of self-tuning of the resulting reduced dimension
adaptive controllers.
Our main results are therefore the following:

(i) The adaptive control laws in both the general tracking problem as well
as the linear model following problem are self-optimal, i.e., the average
squared tracking error is minimal (Theorem 3).

(ii) In the general tracking problem, if the reference trajectory is suffi-
ciently rich of order at least equal to the sum of the degrees of the
control and noise polynomials in the ARMAX representation of the
system, then the parameter estimates are strongly consistent, i.e., they
converge to the true values almost surely (Theorems 6,7). This result
also implies that the adaptive controller is self-tuning, i.e., the adaptive
control law converges to the optimal control almost surely (Theorem
7).

(iii) For the parameter estimates to be strongly consistent in the linear
model following problem it is enough for the order of sufficient rich-
ness of the reference trajectory to be equal to the degree of the noise
polynomial alone (Theorems 6 and 7). This again implies self-tuning
(Theorem 7).

(iv) Often, the degree of sufficient richness is even smaller than the degree
of the noise polynomial (e.g., the set-point problem). In such linear
model following problems, a lower dimensional adaptive controller can
be used. This lower dimensional adaptiver controller is self-tuning
(Theorem 7). The parameter estimates also converge (Theorem 6).



However, since no attempt is made at estimating all the coefficients of
the noise polynomial, the parameter estimates do not converge to the
true values (i.e., we are using a direct adaptive control law).

Some comments on the nature of these results in comparison with the
results in deterministic adaptive control are useful. In deterministic adaptive
control, where there is no noise in the system, one can asymptotically obtain
zero tracking error. However in stochastic adaptive control there is noise
and one wants to reject as much of the noise as possible. Clearly optimal
noise rejection will depend critically on the knowledge of the correlations
inherent in the possibly colored noise. This is where the central problem of
estimating the colored noise coefficients enters into the stochastic adaptive
control problem. Indeed, in the present paper, the need for richness in the
reference trajectory is intimately related precisely to the need for estimating
the model of the colored noise.

2 The Adaptive Control Laws

We consider the ARMAX system
p q s
y(t) = D aylt—i)+ > bu(t—i)+ > cw(t—i)+w(t) (1)
i=1 i=1 i=1

where y, u and w are, respectively, the output, input and white noise. The
parameters (ai,...,ap,b1,...,bq,c1,...,cs) are unknown. The goal is to de-
sign an adaptive control law which ensures that the output follows a given
bounded reference trajectory {y*(¢)} with minimal average squared track-
ing error, and such that the adaptive control law asymptotically self-tunes
to the optimal control law. It is an added bonus if the true parameters
(a1,...,ap,b1,...,bg,c1,...,¢s) can also be asymptotically identified.

If the reference trajectory is arbitrary, we shall refer to this problem
as the general tracking problem. In many problems however the reference
trajectory is generated as the output of a linear model. We shall refer to such
a special case as the linear model following problem. The special properties
of a reference trajectory generated as the output of a linear model can be
usefully exploited, as we will see in the sequel. We now discuss separately
the general tracking problem and the linear model following problem.



2.1 The General Tracking Problem

In this case {y*(¢)} is just a reference trajectory to be tracked with no special
properties. We will use the following adaptive controller (with the notation

pV s :=max(p,s)).

po(t)
r(t)

where, for the time being, 0 < p < 2 is an arbitrary constant (but see the
remark at the end of Section 4),

Ot+1) = 0(t)+ [y(t+1) —y*(t +1)] (2)

t+1
rt+1) = 1+ ¢ (k)o(k), (3)
(rb(t) = (y(t),...,y(t—p\/s—i—1),u(t),...,u(t—q—|—1),
—y*(t—l—l) —y*(t—s—l—l)) (4)
u(t) = Zaz +Zﬁz u(t—i+1) - Z%(t)y*(t—iJrI%})
=0

where

(al(t),...,ozp\/s(t),ﬂl(t),...,ﬂq(t),yo(t),...,ys(t))T = 0(t). (6)

Note that (5) can equivalently be written as

¢t (1)o(t) = 0. (7)

The motivation behind this adaptive controller is the following. Rewrite
the system (1) as,

p q s
daiy(t+1—40)+> bult+1—i)+ > cw(t+1—1i)—y*(t+1)
=1 =1 =1

+w(t +1).

y(t+1) —y*(t+ 1)

If one could observe the past of w(-) at each time ¢, then an optimal controller
would choose u(t) so that the term in [--] on the right-hand side above is
zero, i.e.,

u(t) = b lZalyt—i-l—z) ibiu(t—l—l—i)—l—iciw(t—l—l—i)_y*(t—l—l)
1=2

=1 1=1




for this would result in y(t + 1) = y*(¢ + 1) + w(t + 1), clearly yielding the
best possible tracking error. However, the sequence w(-) is not observed,
and so let us replace it by y(-) — y*(-), which is what we hope it would be,
at least asymptotically. This gives the implementable control law,

1 pVs q s
u(t) = W Y (ai+ )yt +1—i)+ > bu(t+1—i)=> cy*t+1—i)—y*(t+1)|.
=1 =2 i=1

It can be shown that this control law is actually optimal with respect to the
long run average of the square of the tracking error; for more details, see
[12]. Let us define,

0° = (o —|—cl,...,apv5—i—cp\/s,bl,...,l,cl,...,cs)T (8)

(where, for convenience, we define ¢; := 0 for i > s and a; := 0 for 7 > p in
(8)), and, under optimal control, the system (1) can be represented as

yt+1) -y (t+1) = ¢l (t)0° +w(t+1),

while the optimal control law can be written as one which chooses u(t) to
satisfy,

oL ()9° = 0.

Our adaptive control scheme (2)-(6) can be interpreted as trying to estimate
0° when the system is being optimally controlled.

Remark: Note that the (pV s+ ¢+ 1)th component of 0° is 1, and
hence is a known quantity. However, the estimator ignores this knowledge
and estimates it anyway by vo(t). We can therefore regard (2), (3) as an
unnormalized parameter estimator. It follows that this parameter estimator
is one dimension larger than that considered in Goodwin, Ramadge and
Caines [4]. In this connection, it is also of interest to note that recently
Wei [7] has proposed an estimator for the regulation problem which is one
dimension less than [4], [6].

2.2 The Linear Model Following Problem

In many situations of interest the reference trajectory is generated, at least
asymptotically, as the output of a linear model. We shall suppose that there
is a sequence {y,,(t)} such that

l
Ym(t) = Z hiym(t — i) (9)
=1



and the trajectory to be tracked y*(¢) is asymptotically close to y,,(t) in
that

o0

Y () = ym(t))? < +oo. (10)

t=1
Without loss of generality we can make the following two assumptions:

There is no lower order difference equation satisfied by {y,(¢)}, i.e., there
is no nontrivial polynomial H(z) of degree strictly less than [ such that
H(2)ym(t) = 0 for all t. (z is the backward shift operator).
(11a)
The roots of H(z) :=1— Y.'_, h;z are exactly on the unit circle and there
are no repeated roots.
(11b)
Assumption (11a) is without loss of generality since otherwise we could
simply replace H(z) in (9) by H(z). Note that this also means that the initial
conditions on (9) are sufficient to excite all the modes of H(z). Assumption
(11b) is also without loss of generality due to the following reasons. First,
since we intend to work only with bounded {y*(t)}, and since all the modes
of H(z) are excited, we have to assume that H(z) has roots on or outside
the unit circle, and also that the roots on the unit circle are not repeated.
However, since we are only interested in the asymptotic behavior of {y*(t)},
we can eliminate all the modes corresponding to roots of H(z) which are
strictly outside the unit circle, since they decay geometrically to 0. This
leaves us with (11b).
It is worth noting that (11a) and (11b) together imply that

Ym(t) = do+di(=1)"+ > d;sin(wit + ;).

Depending on how large [ is, we will use adaptive controllers with pa-
rameter estimators of different dimensions.

Case 1: | < s. Recall that s is the degree of the noise polynomial in (1).
When [ < s, we will reduce the dimension of the parameter estimator by
(s +1 —1) components by replacing (4-6) by the following:

o(t) = (ylt),...,yt—pVs+1),u(t),...,ult—qg+1),
—y 4+ 1),..., =yt +2-1)7, (12)
Q(t) = (al(t)v s 7apVS(t)7ﬂl(t)7 e 7ﬂQ(t)770(t)7 s 77l—1(t))T7 (13)



. pVs -1
ut) = [Z iyt —i+ 1)+ Bitult —i+1) =Y %)y (t—i+ U}l)
ﬁl(t) i=1 i=2 i=0

or equivalently by (7).

The idea underlying the above adaptive control law is the following.
If the parameters were known the minimum variance adaptive control law
would be,

1 pVs q s
u(t) = ElZ(ai—l-ci)y(t—i—l—l)—I—Zbiu(t—i—l-l)—y*(t—i—l)—Zciy*(t—i—l-l) ,
=1 1=2 =1

see [12] for details. In this control law the only terms featuring y* are
yrt+1)+ X5y (t—i+ 1) = C(2)y*(t + 1). Thus the control law really
only requires knowledge of C(z)y*(¢). Let

-1
G(z) = Zgizi (15)
1=0

be a polynomial satisfying,

for some
s—1 )
F(z) := Zfizz. (17)
i=0

Such polynomials G(z) and F(z) are the remainder and quotient, respec-
tively, when the polynomial C'(z) is divided by the polynomial H(z). Then,
asymptotically at least,

Clxy () = [F2)H(z) +G(2)]y"(t) = F(2)H(2)y" (1) + G(2)y" (1) = G(2)y" (1),

since by (9, 10), H(z)y*(t) = 0 holds asymptotically. Thus we only need
knowledge of G(z)y*(¢) in order to implement the true minimum variance
control law. We can therefore interpret the parameter estimate (13) as trying
to estimate

0° = (al+c].7"'7ast+ch57b17"'7bQJ907917"'79l—1)T- (18)



Remarks:

(i) The adaptive controller need not be provided with the precise infor-
mation about what the polynomial H(z) is. It only needs knowledge
of the degree of H(z).

(ii) It should be noted that the parameter estimator is no more “unnor-
malized,” since the coefficients g, ..., g;_1 are all unknown.

Case 2: | > s+ 1. Since (s+1—1) <0 when [ > s+ 1, no savings in
dimensionality can be achieved. Hence we will use the same adaptive control
law as (2-7). For this case also we define 6° as in (8).

3 Sufficient Richness

In the sequel we will prove that all the coefficients (a1, ...,ap,b1,...,bg,¢1,...,¢5)
can be asymptotically identified when the reference trajectory {y*(t)} is
“sufficiently rich” in an appropriate sense. We have the following definition.

Definition (18). We shall say that a scalar sequence {y*(t)} is strongly
sufficiently rich of order [ if | is the largest non-negative integer for which
there exists an n and an € > 0 such that

t+n
Z (y*(k—=1),...,y" (k=)' (y*(k—=1),...,y"(k=1) > eI, foralltlargeenough.
k=t+1

I; here is the [ x | identity matrix.

The following property of {y,,(t)}, and also {y*(¢)}, generated by the
linear model (9), (10), (11a), 11b) should be noted.

Lemma 1. Suppose {y*(t)} and {y,(t)} satisfy (9)-(11b). Then both
{y*(t)} and {y(t)} are strongly sufficiently rich of order I.

Proof: We will show that there exists € > 0 such that

t+1
Z Yi(k—1) > eljforalltlargeenough
k=t+1
where
Yl(k - 1) = (ym(k - 1)7 Tt 7ym(k - l))T(ym(k - 1)7 Tt 7ym(k - l))



Suppose this is not true. Then there exists a sequence of vectors {x(¢y)},
with each [|z(t,)| = 1 and z(t,) =: (x1(tn),...,2(t,))T such that

L+l 1
() S Vit Dalty) < -
k=tn+1
We can also assume without loss of generality that lim, x(¢,) =: = exists
with ||z|| = 1, = (x1,...,7;)%. Moreover, since {y,,(t)} is bounded,

{Y;(k — 1)} is also bounded and so

tntl
. T _
lim z E Yi(k—1)z = 0.
k=tn+1

Let X(z) := 22:1 x;7'. Interpreting z as the backward shift operator, we
have

tn+l

lm Y [(X(ymB) = 0.

k=t,+1

This implies that
liran(z)ym(tn—i—i) =0 fori=1,2,...,1

Now note that H(z)X (z)ym(t) = X (2)H (2)ym(t) = 0 and so

l
X()ym(t) = > 0\
k=1
where {\;} is the set of roots of H(z). Hence we have

l
; tnti _ -
thgnkgldk)\lC =0 fori=1,...,1.

This can also be written as

1 1 11 1 1 AXrtt 0 00 0 0] 4
AL A Y, 0 At 0 5y

ATE A A 0 0 A 0

10



The first matrix on the left-hand side above is the Vandermonde matrix
which is nonsingular since all the \’s are distinct. Moreover |\g| = 1 for all
k, and so it follows that 6, = 0 for £k = 1,...,[. This however implies that
X (2)ym(t) = 0 for all t. However X (z) is a polynomial of degree [ —1 or less,
and by (11a), it follows that X (z) = 0, i.e., ||z|| = 0. This is a contradiction
to ||z]| = 1, proving that {y,,(¢)} is indeed strongly sufficiently rich of order
[. By (10) it follows trivially that {y*(¢)} is also strongly sufficiently rich of
order [. (Actually it is enough that limy(y,,(t) — y*(t)) = 0).
For future reference, we also have the following result.

Lemma 2. Let S(t,z) := Z{ZU si(t)2*. Suppose {s;(t)} is bounded for
i=0,...,j and limy |s;(t) —s;(t—1)| =0 fori =0, ..., . Suppose also that
for some sequence {z(t)},

1 Y 1N
lim = = lim— " 22(t) = 0.
Then there exists a common subsequence {t;} with lim,z(tx) = 0 and

limy, S(tx, 2) = K(2)H(z) for some polynomial K(z). (By S(t,z)ym(t) we
mean Y.7_ si(t)ym(t — i)

Proof: Since limy |s;(t) —s;(t+n)| = 0 for every n and {y,, ()} is bounded,
it is also true that limy 1/N S~ [S(t +n, 2)ym(t)]* = 0 for every n. Hence
we can sum over n and also add z2(t) to get

1 N [
lijlvnﬁz:{xZ(t)Jr PEL(2 z)ym(t—n)]Q} = 0.

t=1 n=1

Hence there is a subsequence {t;} such that
lilgnS(tk, 2)Ym(ty —n) =0 forn =1,...,1 lilgnx(tk) =0.

Further we can also assume without loss of generality that

lilgn,S'(tk,z) = S(z)
exists, by which we mean that limy, s;(t;) =: s; exists for i = 0,...,7 and
S(2) := Y]_, siz". Further, since {y,,(t)} is bounded, it follows that

li;nS(z)ym(tk—n)ZO forn=1,...,1L

11



Note that H(z)S(2)ym(t) = 0 for all ¢, and so

4
S(Z)ym(t) = Z 6n>‘fz
n=1

where {A\,} is the set of roots of H(z). Proceeding just as in the proof of
Lemma 1, it follows that

S(2)ym(t) =0  forallt.

Now let U(z) be the greatest common divisor of S(z) and H(z). Then there
exist polynomials R(z) and T'(z) such that R(z)S(z) + T'(z)H(z) = U(z).
Hence U(z)ym(t) = 0 for all ¢. However, since the degree of U(z) is less
than or equal to [, it follows from (11a) that U(z) = £H(z), for some scalar
¢, and so the Lemma is proved.

4 Assumptions

Define the polynomials

P
A(z) = 1—ZaizZ
i=1

q

B(z) := Z bzt !

=1

S
C(z) = 1+Zcz~zi.
i=1

Throughout this paper we employ the following assumptions only.

All the roots of B(z) and C(z) are strictly outside the unit circle. (19a)
Re[C(e™) — L]ofor0 < w2m (19Db)
bi!l =0 (19¢)
2z7YC(z) — A(z)] and B(z) are polynomials of degrees respectively equal
to (pVs—1)and (¢ — 1), which have no common factors. (19d)
{w(t)} is a sequence of scalar random variables on a probability space

{Q, F, P}, whose distributions are all mutually absolutely continuous

12



with respect to Lebesgue measure. (19e)
Let {F; := ow(1l),...,w(t)} be the sub-o-algebra of F' generated by
{w(1),...,w(t)}. We assume that there are 020 and J0 such that (19f)
Elw(t)|Fi—1] = Oa.s.
E[w?(t)|F_1] = o%a.s.

sup Elw(t)*T|F,_1] + ooa.s.

116(0)1]0 (19g)
{y*(¢t)} is bounded. (19h)

It should be noted that the condition (19e) guarantees that the controls are
well defined a.s. through (5.14) since the event {1 (¢) = 0} is a null event,
see Caines and Meyn [9].

Remark: Let us consider a different constant p; in place of p in (2). It is
easy to verify, see [12], that the resulting adaptive control algorithm produces
parameter estimates 01(¢) = u1/pf(t) and identical inputs and outputs as
the original algorithm using p, provided 6, (0) is chosen as 61 (0) := p1/u6(0).
This property relies on the fact that the control input w(t) is invariant with
respect to scaling of #(¢) in (7). Making use of this observation it follows
that one need not restrict p to lie in (0,2); it is enough to have pu # 0.
Further, one only needs the assumption

ReC(e™)0for0 < w2m (19i)
in place of (19b).

5 Self-Optimality

In this section we will prove the following Theorem which asserts, among
other things, that in all cases the adaptive controller minimizes the average
squared tracking error.

Theorem 3.

lin — 3 2 = o? 2
m ;[y(t) —y*(1))" =o"a.s. (20a)
N
11131% t:ZI(E[y(t + 1) —y* (t+1)|F])? = 0a.s. (20b)

13



1 h
hz{an;u (t) + ooa.s. (20c)

li{n |16(t) — 6°||*existsandisfinitea.s. (20d)

Proof: We will abbreviate those details of the proof which are similar to
those of Goodwin, Ramadge and Caines [4] or [6]. Let 6(t) := 0(t) — 6° and

define V(1) := [|0(t)[|*. Using r(t) > ¢"()g(t) and ¢ (1)0(t) = =" (1)6°,

we can get

BV +DIE] < V) -5 {600 = S5 Bl + 1)~ + DI
Blylt+1) =y« (+ DRI (Bly(t+1) = (0 + DIF')?
S (00
+M2 r2(t) 0_2

for all 6. Choose § > 0 so small that [C(z) — (u + §/2)] is strictly positive
real. Let us first consider the following case.

Case 1: General tracking problem or the linear model following problem
with | > s+ 1.

CR)Ey(t+1) —y (t+ )] = CE)y(t+1) -y (t+1)—wl+1)]

= [ylt+1)—y*(t+1) —w(t+1)]
+[C(2) =1yt + 1) —y*(t+ 1) —w(t + 1)]

= [ylt+1)—y*(t+1) —w(t+1)]
+X Gyt —i+1) -y (t—i+ 1) —w(t—i+1)]

= [yit+1)—wit+1) =i jqwit—i+1)]—y*(t+1)
+2 iyt —i+1) —y*(t—i+1)]

= Y (ai+c)y(t —i+ 1)+ XL bju(t —i+ 1)
—y*(t+1) - eyt (t—i+1)

= ¢l (t)6°.

By the strict positive realness of [C(z) — (1 + 6)/2] it therefore follows that

(21)

s) = 23 {6 00 — I B+ 1)~y DIR B+ D) -y 0+ DI
t=1

> Ka.s. for all n, for some K.

14



Defining M (t) := V(t) + S(t —1)/r(t — 1), and using r(t) > r(t — 1) > 0, it
follows that

5 20T (t)o(t
EIM(+DIR] < M) - LBl +1) -y e+ DIAY? + 5000
The last term above is summable a.s., and so using the Positive Near Su-
permartingale Convergence Theorem we can get:

(i) {M(t)} converges a.s.,

(i) T3, (E[y(t+1)—r?(/t")(t+1)\Ft])2 < +ooa.s.

Now we claim that lim; 7(t) = 400 a.s. Otherwise r; = 1 + 3t ¢T (k)p(k)
would lead to lim; ¢(t) = 0 on a set of positive probability. This in turn
would imply lim; y; = 0 and lim; u; = 0, and from the system equation (1)
it would then have to follow that lim; C(z)w(f) = 0 on a set of posi-
tive probability, which we will now contradict as follows. First note that
(C(2)w(t))?> = a linear combination of terms of the form w?(t — i) and
w(t—1)w(t—j). Let us first examine the first set of square terms. As a con-
sequence of (19f) and Jensen’s and Minkowski’s inequalities, it follows that
sup, E[|w?(t) — E(w?(t)|Fy_1)|'T%/?|F;_1]oo a.s. Chow’s Theorem [10, The-
orem 3.3.1] is therefore applicable, and shows that limy 1/N 2N | w?(t) =
0? a.s. Now we turn to the cross terms. Since 2, w?(t — i) = o0
a.s., an appeal to the Local Convergence Theorem for Martingales [11,
Lemma 2.3] shows that YN | 2w(t — i)w(t) = o(XN.; w?(t —i)) a.s. Hence
limy 1/N SN w(t — i)w(t) = 0 a.s. Adding up the contributions we get
limy 1/N YN, (C(2)w(t))? = 1+35_; ¢Z > 0 a.s. This provides the required
contradiction.
Since lim; () = 400 a. s., Kronecker’s Lemma is applicable and gives

N \
llz{fnm t:ZI(E[y(t + 1) — y*(t + 1|F]))? = Oa.s.

Utilizing the strictly minimum phase property of B(z) it follows that {r(N)/N}
is bounded a.s., which proves (20c) and (20b). The same arguments as in
Lemma 7 and Lemma 9 of [6] yield (20a) and (20d).

Case 2: Linear model following problem with | < s. Just as in (21) we
still get

CEEt+1) =y t+DIF] = S(a+e)ylt—i+1)+ > bu(t —i+1)
=1 i=1

—C(2)y*(t+1).
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Let §(t) := ym(t) — y*(¢). Then from (9) and (16) we get
CRy (t+1) = ClEyn+1)-C)jt+1)
= G@ym(t+1) = C(2)y(t + 1)
= GRERY(E+1) +[G(2) - C)5(E+ 1)
Hence
pVs q
C)E[y(t+1)—y* ¢+ IF] = Y (ai+e)y(t—i+1)+> bu(t—i+1)
i=1 =1

—G(2)y* (t+1) +[C0(z) -Gt + 1)
= ¢1(1)0° +1C(2) — G(2)]g(t +1).

By the strict positive realness property of [C'(z) — p + /2], it follows that

St) = 2y {606 +[C() — Gt + 1)
t=1
0By 1) -y e+ 1

Ely(t+1) —y*(t + 1) F]
> K a.s. for all n, for someK.

Defining M(t) :== V() + S(t — 1)/r(t — 1), we get

EM(t+1)|F] < M(t)—%(E[y(tH)_y*(tHnFt])2+u2¢ngg(t)o—2
+ 2 Bly(t+1) — ' (t+ DIRIC() — Gt +1).

r(t)
Define 5(t) := [C(2)—G(2)]§(t+1), and note that by (10), >°7°, 7%(t) < +oc.
For any p > 0, we have
* _ 2 * 2 y(t) 2
GE[(E+ 1)~y (t+ DIEJE) < pPEl(E+1) -y (¢ + DIE]? + (7) .

Hence, choose p so small that (ud — 2up?) > 0, and note that

B+ DE] < M- L2 iy 1) e+ IR
R0 | T
e T T

16



Now both of the last two terms are summable, and so we can again use the
Positive Near Supermartingale Convergence Theorem. The rest of the proof
is similar to the previous case.

By (20a) of the above Theorem, we see that usage of the adaptive con-
troller leads to a value of o2 for the average of the square of the tracking
error. In order to justify our claim at the beginning of this section that the
adaptive controller minimizes the average of the square of the tracking error
we need to show that no other non-anticipative controller, including possibly
controllers which utilize knowledge of the parameters (a;, b;, ¢;), can realize
a smaller value than o? for the average squared tracking error on any set of
sample paths of positive measure. This is provided in the following Lemma.

Lemma 4. Consider the ARMAX system (1). Let F}; := o(ws for s <
t and y;,u; for i < 0) be the o-algebra generated by the past, and let {u;}
be any control sequence chosen so that u; € Fy, i.e., u; is Fy-measurable for
each t > 0. Then,

. - 1 al * 2 2
lllean ;(y(t) —y () > o a.s.

Proof: Define
p q s
gt—1) := [Z ay(t —1i) + Z biu(t —i) + Z ciw(t — z)l ,
1=1 1=1 =1

and note that g(t — 1) € F;_;. Rewrite the system equation (1) as y(¢) =
g(t —1) + w(t) and get

2 = LYo
Yy = Nt:19

Y29t - Dwt)] | 1 &
1+ tZiLg?(t—l) ]+N;w2(t).

Appealing to the Local Convergence Theorem for Martingales [12, Lemma 2.3],
we know that except on a null set,

29t —Duwt) = oAt —1)) if £, 6%(t) = oo,
< o0 if YN, g?(t) < .

In either case, therefore, it follows that

L T 20t~ 1>w<t>]

1N
lim inf — 2(t—1
im in Ntzzlg( )

Zt]il g2 (t—1)

17



Hence,
1Y 1
s b 2 > lim — 2
thlan ;y t) > h]{an (t)

= O a.s.

The last equality has been proved in the course of the proof of Theorem 3.

6 Self-Tuning and Convergence

In this section we address the self-tuning and convergence properties of the
adaptive controllers.

First due to (2,7) we have the same geometrical properties as in [6]. This
gives us the following Lemma, see [6].

Lemma 5.
limy ||0(t)|| exists and is finite a.s. (22a)
For every n, limy ||6(t) — 6(t —n)|| =0 a.s. (22b)
10+ )l = [[6@)]] (22¢)

If there is a random scalar £ and a random subsequence {tj} such that
lillcrne(tk) = £0° a.s. (22d)
then
1i{r10(t) =&0° a.s.
So in order to prove that lim;0(t) = £6° it is sufficient to show that

there is just one subsequence for almost every sample path along which such
a limit exists.

Theorem 6.

(i) Suppose that {y*(t)} in the general tracking problem is strongly suffi-
ciently rich of order (s + q). Then

li{n 0(t) = &6° a.s. (23)
for some a.s. finite nonzero scalar random variable &.

(ii) The result (23) holds in the linear model following problem irrespective
of the order of strong sufficient richness of {y*(t)} (using the appro-
priate definition of 6° as in (8) or (17)).

18



Proof: We start with (20b) which can be written as
lim — Z{ 1-— y(t+1) +2B(2)u(t +1) +[C(2) — Nw(t +1) — {y*(t +1)}* =(20)

Define the time varying polynomials

pVs

P(t,z) := Z ai(t)z' L,
i=1

q
Q(t:2) = Z@-(t)zi‘l,

R(t,z) = Zl 07i(t)z © in the linear model following problem with [ < s,
B S0 07i(t)2¢  otherwise.

We shall interpret z as the backward shift operator. Thus, to illustrate the
notation,

q

q
Qt, 2)x(t) = Zﬂz(t)a:(t —i+1): Q(t, 2)B(z)x(t) Z Z z(t—i—j5+2)
1=1 :

i=1
q q
B(2)Q(t, 2)z(t) :==> b Y Bi(t —j+ Da(t —i—j+2).
j=1 =1
Though Q(t, 2) B(z)x(t) # B(2)Q(t, z)x(t), it should be noted that if {1/N YN | 22()}
is bounded, then it is true that
N
i IR B0 - BEQ( (0 = o

To verify this, one needs to use the facts that lim, ||0(t) — 0(t — n)|| = 0 a.s.
and {0(t)} is bounded a.s.

Multiplying inside the summation in (24) by Q(t, z), we have

N
lim 5 S{QU AL~ AG)y(t + 1) + QU 2)=B(:)ult + 1)
t=1

+Q(t,2)[C(2) = Nw(t +1) — Q(t, 2)y* (t +1)}* = 0 as.

Since

1 X, 1 X, 1 X, 1Y,
{N;y(t)},{ﬁgu(t) ; Ntzzlw(t) ; N;y* (t)
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are all bounded, we can interchange the polynomials above to get

N R
i e D1 AR Ay(6) + B )l (25)
+27YC(2) — 11Q(t, 2)w(t) — Q(t, 2){y*(t +1)}* = 0 as.
Now note that the control laws (5) and (14) can be written as
Q(t,z)u(t) = —P(t,2)y(t) + R(t,2)y"(t + 1). (26)

Substituting (26) in (25) gives

R A
lim t:ZI{{Z 1= A(2)]Q(t, 2) — B(2)P(t, z)}y(t)

+271C(2) — 1]Q(t, 2)w(t)
+B(2)R(t,z) — Q(t, 2)}y* (t +1)}* = Oas.

Now y(t) = w(t) + y*(t) + Ely(t) — y*(t)|Fi—1], and so substituting for y(t)
gives

li iév:{{ “HC(2) = A(2)]Q(t, 2) — B(2)P(t, 2) bw(t)

im 2 z z z , 2 z)P(t,z)}w

+{B(z)R(t,z) — zB(2)P(t,z) — A(2)Q(t,2) }y* (t + 1)
+Hz 1= A(2)]Q(t, 2) — B(2)P(t,2)Ely(H)} — y* (D F]} = Oas.

Due to (20b) and the fact that {6(¢)} is bounded, we can drop the last term
above and write

N LA
i DA IC(E) — AGQ() — BEP(E )l
+{B(2)R(t,z) — 2B(2)P(t,2) — A(2)Q(t,2)}y*(t + 1)}* = Oa.s.

Since limy [|6(t) — 8(t — 1)|| = 0 a.s., and since {y*(¢ + 1)} is bounded, we
can replace R(t,z), P(t,z) and Q(t, z) above by R(t —n,z), P(t —n, z) and
Q(t — n, z), respectively, for any n. Thus

R
i 7 2 (=7(0() ~ ARG —n,2) = BEP( =, 9wl
+{B(2)R(t —n,z) — 2B(2)P(t —n,z) — A(2)Q(t —n,2)}y*(t +1)}* = Oas
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Choose n larger than (p+ g+ s), and then we can apply Lemma 11 of [6] to
deduce that

N A
h]{[nﬁg{z HC(2) — A(2)]Q(t —n,2) — B(2)P(t —n,2)}* = 0 a.427)

by which we mean that the average of the square of each coefficient of the
polynomial in z is 0; and also

1 &
lll{rn N ;{{B(Z)R(t —n,z) — zB(2)P(t — n, 2)
—A(2)Q(t —n,2)}y (t+1)}? = Oas. (28)
Furthermore since {y*(¢)} is bounded, (27) also implies that
lim %{{[C(z) —A@)Q(t —n,z) — 2B(2)P(t —n,2)}y" (t+ 1)} = 0@9)

Subtracting (28) appropriately from (29), we get

N .
lll{rn N ;{[C(Z)Q(t —n,2) —B(2)R(t —n,2)ly (t+1)}* = 0 as(30)

Changing t — n back to t in (27) and (30), we arrive at
1N
L -1 _ _ 2 _
lll{rn N t;{z [C(z) — A(2)]Q(t, z) — B(2)P(t,2)} 0a.s. (31)

1 Y \
hjxvnﬁg{w(z)@(t,z)—B(Z)R(t,z)]y t+1} = 0as. (32

Now let us treat the cases separately.

Case 1: Strong sufficient richness of order greater than or equal to (q +
s). This case includes the general tracking problem as well as the linear
model following problem with the order of sufficient richness as shown. Since
{y*(t)} is strongly sufficiently rich of order greater than or equal to (¢ + s),
there exist n and € > 0 such that for all large ¢,

Iy k+ 1),y (k—g—s+2) (W (k+1),...,
Yk —q—s+2))" > el (33)
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Define
s0(t) + s1(t)2 + -+ 815 1 (1) 27T i= S(t, 2) == O(2)Q(t, 2) — B(2)R(t, 2).
Then (32) can also be written as

. 1 O 1 QA * 2
hm—z — Z [S(k,z)y" (k+1)] = 0a.s.

m
M= | ™ k=g

Since limy ||0(t) — 6(t — 1)|| = 0, we can replace S(k, z) by S(jn, z) to get

R N I T . )
hm—Z — Z [S(jn, z)y" (k+ 1)] = 0as. (34)

m
M "™ k=jnr1

Define [|S(t, 2)||2 := 275571 s2(¢) and (33) implies that

1=0 )
1 jn+n
— Z [S(jn, 2)y* (k+1)]2 > €]|S(jn,2)|? for all large;.
k=jn+1

From (34) it follows that

1 m
lim — j 2 = S.
im — JZ::I 15 (i, 2)| 0 as (35)

Again, since limy ||6(¢t) — 6(t — 1)|| =0 a.s., (35) implies that

1Y )
WN;HS@,Z)H =0 a.s. (36)

Adding (31) and (36) gives
1 N
o ~1 _ _ 2
lim ;{Z [C(2) = A(2)|Q(t, 2) — B(2)P(t, 2)}
+{C(2)Q(t,z) — B(2)R(t,2)}> = 0as.
Hence there is a common subsequence {j} such that

lillcrn{z_l[C(z) — A(2)]Q(tk,z) — B(2)P(tg,2)} = 0 a.s. (37)
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and

lilgn{C(z)Q(tk, z) — B(2)R(tg,z)} = 0 as. (38)
Since {6(t)} is bounded, we can also assume without loss of generality that
lilgn Q(tk, z) =: Q(2); lilgnP(tk,z) =: P(2); lilgnR(tk,z) =: R(z) a.s. (39)
exist. Hence (37) and (38) imply

2HC(2) — A(2)]Q(2) — B(2)P(2) = 0 as. (40)
C(2)Q(z) —B(z)R(z) = 0aus. (41)

However, Q(z) and P(z) are polynomials of degrees less than or equal to
(g —1) and (pV s — 1), respectively. Hence (40) and our assumption (19d)
imply that

Q() =€B(x) and P(z) = &2 [0(z) — A(2)] (42)

for some random scalar £. Then (41) also shows the R(z) = £C(z). Moreover
¢ cannot be 0, since otherwise limy () = 0, which is ruled out by (22c)
and (19g). From (22d) we obtain the desired result.

Case 2: Linear model following problem with (g4 s). Since limy(y, () —
y*(t)) = 0, we can replace y * (t + 1) by yn,,(t +1) in (32). If s +1 <lg+s,
we shall henceforth define G(z) := C(z), while if [ < s, G(z) is defined as
previously by (15) and (16). In the latter case also, from (9) and (17) we
have C'(2)ym(t + 1) = G(2)ym(t + 1). Hence in any case,

1 XN
lim — Y [G(2)Q(t, z) — B(2)R(t, 2) {ym(t + 1)} =0 as. (43)

NNt:1

Applying Lemma 2 to (43) and (31) we obtain that there is a subsequence
{tx} such that (37) holds and also

lilgn[G(z)Q(tk, z) — B(2)R(ty,2)] = K(2)H(2) a.s.

Without loss of generality we can also suppose that the limits in (39) exist.
Hence

G(2)Q(z) — B(z2)R(z) = K(2)H(z) a.s. (44)



Also through (31), (40) gives (42). Substituting (42) in (44) yields
B(2)[€G(z) — R(2)] = K(2)H (=) a.s.

Now note that by (11b) all the roots of H(z) are exactly on the unit circle,
while all the roots of B(z) are strictly outside the unit circle by (19a). Hence

for some polynomial J(z). However [£G(z) — R(z)] is a polynomial of degree
less than or equal to [ — 1, while H(z) is a polynomial of degree exactly .
Hence

€G(z) — R(z) =0 a.s. (45)
(42) and (45) now yield the theorem.

It is of interest to note that Caines and Lafortune [8] have suggested
an adaptive controller which tracks y*(¢) perturbed by white noise. Such a
perturbed reference trajectory is strongly sufficiently rich of arbitrary large
order (effectively 00).

Having proved convergence of the parameters to £6° under the conditions
of Theorem 6, we now have the following results.

Theorem 7.

(i) In the general tracking problem suppose {y*(t)} is strongly sufficiently
rich of order greater than or equal to (q + s). Then

i —— (1 (6) = 31 (8)s -+ (€)= % (E)s Bi (E)s -+ Ba (D)3 11 (E)s - -+ s (1)) (46)

t yo(t)

= (at,..-,ap,b1,...,bg,c1,...,¢5) a.s.(with v;(t) := 0 for i > s).

Thus the parameter estimates are strongly consistent. Also

. 1
h?l ﬁl—(t)(al(t)’ s 7apVS(t)752(t)7 s 7ﬁq(t)770(t)7 s 77s(t)) (47)
= b_l(al + 1y Qpys + Cpusy b2, oo by, Lcr, . C) ans.

setting a; := 0 for 1 > p and ¢; := 0 for ©« > s. Hence the adaptive
control law (5) self-tunes to the optimal control law a.s.
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(ii) In the linear model following problem with [ > s the results (46) and
(47) continue to hold.

(iii) In the linear model following problem with | < s we have,

lim ﬂ%(t)(al(t), oy apus(t), Ba(t), - Ba(8), 08, - - 1 (1))

= b—l(al +ci,.on,apvs F Cpus, b2, oo b, 90, - GI—1)
setting a; :== 0 for i > p and ¢; :== 0 for i > s. Here {go,...,g,-1} are
defined by (15), (16). Hence the adaptive control law self-tunes to the
optimal control law a.s.

7 Concluding Remarks

We have proved the convergence of the parameter estimates and the self-
tuning property for the adaptive tracking problem, justifying the name of
self-tuning trackers.

For the general tracking problem, the convergence depends on whether
the reference trajectory is sufficiently rich of appropriate order, as shown in
Theorem 7. In the important case of reference trajectories which are not so
rich, we have examined the linear modeling problem, and shown how one can
adjust the dimension of the parameter estimator to the order of sufficient
richness so as to obtain a self-tuning tracker. It is worth noting that the
adaptive controller need not be provided with precise information such as
amplitude, frequency or phases of the sinusoids in the reference trajectory.
It is enough to know only the number of such components.

An important application, which is a special case of these results, is the
problem of maintaining the output at a constant level, i.e., the set-point
problem. The constant trajectory is sufficiently rich of only order 1, and
only one parameter need be estimated to compensate for the colored noise
and reject it optimally.

Among the outstanding problems still left unresolved are the following:

(i) Does the least squares based parameter estimation algorithm also pos-
sess the above properties? This is of vital interest because the rate
of convergence of least squares based algorithms has been observed to
be superior to the type of parameter estimation algorithm considered
here.
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(i) What robustness properties do these types of self-tuning adaptive con-

trol laws possess?
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