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ABSTRACT
Video streaming is anticipated to dominate wireless traffic in
the near future. We study wireless systems where an access
point delivers video streams to multiple clients over unreliable wireless channels. The performance of each client is
measured by the amount of time that its video playback halts
due to buffer underflow, which has been shown to have the
most impact on client’s perceived quality of experience (QoE).
We develop an analytical framework that jointly captures
the video playback process and the unreliable and heterogeneous wireless channels. We derive the capacity region for
QoE by establishing a lower bound of a weighted sum of video
halt durations over all clients. We then propose a QoE-optimal
policy that can achieve every point within the capacity region. Finally, we compare our policy against two commonly
used policies. Both theoretical analysis and simulation results
show that our policy greatly outperforms other policies.

Categories and Subject Descriptors
C.2.1 [COMPUTER-COMMUNICATION NETWORKS ]: Network Architecture and Design—Wireless communication
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1.

INTRODUCTION

Many studies have predicted that on-demand video streaming will dominate wireless traffic in the near future. In ondemand video streaming, content providers, such as Netflix
and Youtube, deliver packets to clients. Clients puts received
packets in their buffers, and consume packets from the buffer
during the video playback. When the buffer becomes empty,
the video playback halts. It has been shown that video halts
have the most significant impact on the quality of experience
(QoE) of clients [16, 19].
In this paper, we aim to find the capacity of wireless networks for providing QoE, as well as scheduling policies that
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achieves the capacity. We propose an analytical model for
wireless systems where an access point (AP) transmits video
streams to a number of wireless clients over unreliable wireless channels. Different clients may have different channel
qualities and consume packets at different rates. The performance of a client is then measured by the amount of time that
it suffers from video halts.
We characterize the achievable duration of video halts for
each client. Apparently, the duration of video halts is a random variable whose distribution is determined by the AP’s
scheduling policy. Using martingale theory, we first show that
a weighted sum of the halt durations of all clients is stochastically lower-bounded by a random variable generated from a
Brownian motion. This result provides a lower-bound of the
capacity.
Next, we propose a simple on-line scheduling policy for
providing the desirable QoE to each client. We prove that
this policy is QoE-optimal in the sense that, given any vector of random variables whose weighted sum is larger than
the lower-bound, the policy ensures that the halt durations of
clients are no larger than the vector of random variables. In
addition to being QoE-optimal, this policy also demonstrates
that the lower-bound generated from the Brownian motion
is indeed tight, and we are able to sharply characterize the
capacity of QoE for wireless networks.
Further, we analytically study two widely-used scheduling
policies, namely, the weighted random policy and the weighted
round-robin policy. We derive the closed-form expression of
the distribution of video halt duration of each client for both
policies. We show that the performance of these policies can
be much worse than our proposed policy. In particular, we
show that when the total traffic load is fixed, the performance
of the weighted random policy and the weighted round-robin
policy deteriorates as the number of clients increases, while
the performance of our policy remains the same for any number of clients.
Finally, we conduct simulations to verify our theoretical results. We implement our policy, the weighted random policy,
and the weighted round-robin policy in ns-2. Simulation results suggest that our theoretical analysis is very accurate in
characterizing the performance of each client. They also show
that our proposed policy outperform other policies greatly under various scenarios. In particular, even when the weighted
random policy and the weighted round-robin policy spend 5
times as much time to buffer incoming packets before playing
videos, their video halt durations are still more than 5 times
higher than the video halt duration of our policy.
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Figure 1: An example of video playback.

The rest of the paper is organized as follows. Section 2 describes our analytical model. Section 3 establishes some basic
system properties, including a lower-bound for the achievable
video halt durations. In Section 4, we propose a simple online scheduling policy and demonstrate that it is QoE-optimal.
Section 5 shows that our analysis provides an accurate approximation for the actual system performance. In Section 6,
we derive the closed-form expression of the performance under two popular policies. Section 7 demonstrates the simulation results. Section 8 summarizes some related work. Finally,
Section 9 concludes the paper.

2.

SYSTEM MODEL

Consider a wireless system where an access point (AP) serves
a number of wireless clients, which are labeled as n = 1, 2, . . . , N .
We assume that time is slotted and numbered as t = 1, 2, . . . .
In each time slot, the AP can transmit to exactly one client.
Each wireless client is associated with an on-demand video
stream. We assume that the bottleneck of a video stream is
at the “last hop” between the AP and the client, which is a
practical assumption for most scenarios and is used in many
existing studies [14, 24]. Hence, the AP always has a packet
ready for transmission to each client in each time slot. Each
client has an infinite buffer so that it can buffer packets that
are yet to be played. The playback process of a client is described as follows: Each client n consumes one packet in its
buffer and plays its content every q1n time slots. This also
means that client n consumes packets at a rate of qn packets
per time slot. If a client is to consume a packet at time t, but
its buffer is empty at that time, then we say that outage occurs at time t. Outage continues to occur in all subsequent
time slots until the client receives a packet, at which time the
client consumes the packet immediately. Outage corresponds
to video halts, and the total number of slots that outage occurs
is the total duration that the playback halts. We use Dn (t) to
denote the total number of slots that outage occurs for client
n until time t.
Fig. 1 illustrates an example of the video playback process.
In this example, we assume that qn = 13 , and the client receives packets on time slots 1, 2, 11, and 12. As the client consumes one packet every three time slots, the first two packets
that it receives are consumed at time 3 and 6, respectively.
The client is to consume another packet at time 9. However, it
does not have any packet in its buffer at that time, and hence
outage occurs at time 9. Outage also occurs at time 10. At
time 11, the client receives another packet, and it consumes
the packet immediately and the video playback resumes. The
client consumes another packet at time 14 = 11 + 3, and is
to consume one packet at time 17 = 14 + 3. However, the
client’s buffer is empty at time 17, and hence outage occurs.
We now provide a more mathematical description on Dn (t).
Let A∗n (t) be the total number of packets that client n receives
until time t, Cn∗ (t) be the total number of packets consumed
by n until time t, and Bn∗ (t) be the number of packets in the
buffer of n at time t. We set A∗n (0) = Bn∗ (0) = Cn∗ (0) =

Dn (0) = 0. We then have
Cn∗ (t) = bqn (t − Dn (t))c,

(1)

because n consumes one packet every 1/qn slots without outage. We also have
Dn (t)

Dn (t − 1) + 1,
=
Dn (t − 1),

if bqn (t − Dn (t − 1))c > A∗n (t)
otherwise,

(2)

since bqn (t − Dn (t − 1))c is the number of packets that n
would consume if outage does not happen at slot t. Finally,
we apparently have
Bn∗ (t) = A∗n (t) − Cn∗ (t).

(3)

Cn∗ (·)

The definition of
involves floor function and is difficult to operate with. We can simplify the expression of Dn (t)
by defining
An (t) := A∗n (t) + (1 − qn ),

(4)

Cn (t) := qn (t − Dn (t)),

(5)

Bn (t) := [An (t) − Cn (t)]+ .

(6)

We now have Dn (t) = Dn (t − 1) + 1 if and only if
bqn (t − Dn (t − 1))c = A∗n (t) + 1

(7)

⇔qn (t − Dn (t − 1) − 1) ≥ An (t) ⇔ Bn (t) = 0,

(8)

where the last step of the derivation follows from Dn (t) ≤
Dn (t − 1) + 1. In other words, Dn (t) increases when Bn (t) =
0.
The definitions of An (t), Cn (t), Bn (t), and Dn (t) can be
viewed as a system where the client consumes qn packets
in each slot without outage and has an initial buffer size of
1−qn . Let Xn (t) := An (t)−qn t. Since client n is supposed to
consume qn t packets by time t, Xn (t) loosely reflects whether
the number of packets delivered for n matches its consumption rate. We further note that the following relations hold:
Bn (t) = Xn (t) + qn Dn (t) ≥ 0,
Xn (t) = An (t) − qn t,

(9)
(10)

[Dn (t) − Dn (t − 1)] ∈ {0, 1},
Dn (0) = 0,
Bn (t)[Dn (t) − Dn (t − 1)] = 0.

(11)
(12)

We consider the unreliable wireless transmissions by assuming that the channel reliability of client n is pn . When the
AP transmits a packet to n, the transmission is successful with
probability pn . The AP has instant knowledge on whether
the transmission is successful, and can retransmit the same
packet if previous transmissions fail.
We further assume that clients choose their values of qn so
that it is feasible to provide a long-term average throughput of
qn packets per time slot to each client. In other words, there
exists a scheduling policy under which lim inf t→∞ Ant(t) ≥
qn , or, equivalently, lim supt→∞ Dnt(t) = 0 for all n, almost
surely.
Let Un (t) be the total number of times that the AP transmits
to n until time t. Hou, Borkar, and Kumar [8] has shown that
the long-term average throughput of n is at least qn if and
only if lim inf t→∞ Unt(t) ≥ pqnn . Since the AP transmits one
packet in each time slot, we have:
L EMMA 1. It is feasible
P to achieve lim supt→∞
for all n, if and only if n pqnn ≤ 1.

Dn (t)
t

= 0,

While the study of lim supt→∞ Dnt(t) = 0 reveals some important insights, it cannot precisely characterize Dn (t) for
videos with finite length. In this paper, we study the diffusion limit of Dn (t), defined as
D̂n (t) := lim

k→∞

Dn (kt)
√
, 0 ≤ t ≤ 1.
k

(13)

P
We will mainly focus on the extreme case with n pqnn = 1.
In Section 4.1, we further demonstrate that some results for
the extreme case P
also characterize the performance for the
general case with n pqnn < 1. In Section 7, we demonstrate
that D̂n (t) provides a very accurate approximation of Dn (t)
for videos that are at least a couple of seconds long.
D̂n (t) is a random process whose distribution is determined
by the scheduling policy. We compare the distributions of
D̂n (t) under different policies through stochastic ordering as
defined as follows:
D EFINITION 1. Let D̂nη1 (t) and D̂nη2 (t) be the process D̂n (t)
under policies η1 and η2 , respectively. We say that D̂nη1 (t) ≤st
D̂nη2 (t) if
P rob(D̂nη1 (t) ≥ x) ≤ P rob(D̂nη2 (t) ≥ x),
for all x and all t ∈ [0, 1]. We say that η1 minimizes D̂nη1 (t) if
D̂nη1 (t) ≤st D̂nη (t) for all η. 2
We also define
Xn (kt)
√
,
k
Bn (kt)
.
B̂n (t) := lim √
k→∞
k

X̂n (t) := lim

k→∞

(14)
(15)

The stochastic ordering of X̂n (t) and B̂n (t) under different
policies are defined similarly.
In view of (9) - (12), we have
B̂n (t) = X̂n (t) + qn D̂n (t) ≥ 0,
dD̂n (t)
≥ 0,
D̂n (0) = 0,
dt
dD̂n (t)
B̂n (t)
= 0,
dt

(16)
(17)
(18)

where we slightly abuse notation and define
dD̂n (t)
D̂n (t + δ)
:= lim
.
+
dt
δ
δ→0
We then have the following theorem:
T HEOREM 1. [5, Theorem 6.1] Given X̂n (t), there exists a
unique pair of (B̂n (t), D̂n (t)) that satisfies (16) - (18). Further,
D̂n (t) = sup0≤τ ≤t (max{0, − X̂nqn(τ ) }).

3.

FUNDAMENTAL SYSTEM PROPERTIES

Theorem 1 shows that D̂n (t) can be characterized by X̂n (t).
Hence, we first study the behavior of X̂n (t). Let X(t) :=
P Xn (t)
P
P
= n Apnn(t) − t, as n pqnn = 1. Suppose the AP
n pn
transmits to client n in time slot t + 1, we have X(t + 1) =
X(t) + p1n − 1 with probability pn , and X(t + 1) = X(t) − 1
with probability (1 − pn ). Hence, no matter which client is
scheduled at time t + 1, we have E[X(t + 1)|Ht ] = X(t),

where Ht is the system history up to time t. X(t) is then said
to be a martingale.
Suppose, given Ht , the employed policy schedules client n
at time slot t + 1 with probability
σt2 :=
P rn (t + 1). Then,
2
1
E[(X(t + 1) − X(t)) |Ht ] =
n rn (t + 1) × ( pn − 1). If
the employed policy achieves lim supt→∞ Dnt(t) = 0, then
P
limt→∞ Unt(t) exists and equals pqnn , since n pqnn = 1. Hence,
Pt

r (τ )

we have limt→∞ τ =1t n
= pqnn , and
Pt
Pt
2
X
2
τ =1 στ
τ =1 rn (τ ) 1
σ := lim
=
lim
(
− 1)
t→∞
t→∞
t
t
pn
n
X qn 1
=
(
− 1).
(19)
pn pn
n
Further, for a fixed t ∈ [0, 1],
bntc

lim

n→∞

X

στ2 /

τ =1

n
X

στ2 = t.

τ =1

By the functional central limit theorem for martingale [3]
√
is a driftless
, we can establish that X̂(t) := limk→∞ X(kt)
k
Brownian motion with variance σ 2 . In particular, given X̂(τ ),
for any τ, t ≥ 0 with τ + t ≤ 1, X̂(τ + t) − X̂(τ ) is a Gaussian
random variable with mean 0 and variance σ 2 t. Let Φ(x)
be the cumulative distribution function (CDF) of a standard
Gaussian random variable with mean 0 and unit variance. We
then have
√
(20)
P rob(X̂(τ + t) − X̂(τ ) ≤ b|X̂(τ )) = Φ(b/ σ 2 t).
Let D̂(t) := sup0≤τ ≤t (max{0, −X̂(τ )}). Since X̂(t) is a
Brownian motion for any policies that achieve limt→∞ Dnt(t) =
0, the distribution of D̂(t) is the same for all such policies. We
have the following two lemmas:
L EMMA 2. The CDF of D̂(t) is given by
P rob(D̂(t) ≤ x) = Φ( √

x
−x
) − Φ( √
),
σ2 t
σ2 t

(21)

for all x ≥ 0, t ≥ 0. The probability density function of D̂(t) is
q
2
− x
2
e 2σ2 t .
σ 2 tπ
P ROOF. This is a direct result of Section 1.6 in [7].
L EMMA 3. For any policy that achieves limt→∞
P
D̂(t) ≤st n pqnn D̂n (t).

Dn (t)
t

= 0,

P ROOF. By definition, we have, for every sample path,
D̂(t) = sup (max{0, −X̂(τ )})
0≤τ ≤t

= sup (max{0, −
0≤τ ≤t

≤

X

X X̂n (τ )
})
pn
n

sup (max{0, −

n 0≤τ ≤t

X qn
X̂n (τ )
}) =
D̂n (t).
pn
pn
n

We can also calculate the expected value of D̂(t) by
s
Z ∞ r
2 − x22
2t X qn 1
E[D̂(t)] =
x
e 2σ t =
(
− 1).
2 tπ
σ
π n pn pn
0
(22)

Motivated by Lemma 3, we define the capacity region for
QoE of the system.
D EFINITION 2. A vector δ = [δ1 , δ2 , . . . , δN ] is said to be
feasible if there exists a scheduling policy so that D̂n (t) ≤st
δn D̂(t)/ pqnn , for all n. The capacity region for QoE is defined as
the set of all feasible δ. 2
The following necessary condition for feasibility is then a
direct result of Lemma 3.
P T HEOREM 2. A feasible vector δ must have δn ≥ 0, ∀n, and
n δn ≥ 1. 2

4.

Performance of the High-Priority Group

We first study the performance of clients in the high-priority
group. Define
X
Q(t) :=
b−Xn (t)c/pn = Y (t) + Z(t),
n∈S1

where Y (t) and Z(t) are defined by
X
Y (t) := Q(t) +
Un (t) − t,
Z(t) := t −

X
n∈S1

(Un (t) −

X qn
An (t)
)+(
− 1)t + (t). (24)
pn
pn
n∈S
1

If a client n is scheduled at time slot t + 1, we have,
An (t + 1)
Un (t + 1) −
pn
(
(Un (t) − Apnn(t) ) + 1 − p1n , with probability pn ,
=
(Un (t) − Apnn(t) ) + 1, with probability 1 − pn .

|Ht ] = Un (t) − Apnn(t) , for all n, and
E[Un (t + 1) − Anp(t+1)
n
P
An (t)
) is a martingale. By the martingale
n∈S1 (Un (t) −
pn
P

(Un (t)−An (t)/pn )

law of large numbers [6], limt→∞ n∈S1
=
t
P
0, and hence limt→∞ Y t(t) = n∈S1 pqnn − 1. Since S2 is not
P
empty, n∈S1 pqnn < 1. Hence, by (23), limt→∞ Z(t)
= 1−
t
P
Q(t)
qn
= 0. The latter further implies
n∈S1 pn , and limt→∞
t
that limt→∞ Xnt(t) = 0 and limt→∞ Unt(t) = pqnn , for all n ∈
S1 .
Next, we study the diffusion limit of Q(t), defined as
Q(kt)
Q̂(t) := lim √
k→∞
k
P
(U
(kt)
− An (kt)/pn )
n
n∈S1
√
= lim
k→∞
k
P
( n∈S1 pqnn − 1)kt + (kt)
Z(kt)
√
+ √ , 0 ≤ t ≤ 1.
+
k
k
Since limt→∞ Unt(t) = pqnn , for all n ∈ S1 , by the functional
central limit theorem for martingale,
P
n∈S1 (Un (kt) − An (kt)/pn )
√
lim
k→∞
k
P
is a Brownian motion. Further, since n∈S1 pqnn < 1,
P
( n∈S1 pqnn − 1)kt + (kt)
√
→ −∞,
k
as k → ∞. Therefore, the following lemma shows that Q̂(t) =
0. Since Xn (t) ≥ 0, for all n ∈ S1 by the design of the
prioritized largest deficit policy, we also have X̂n (t) = 0, for
all n ∈ S1 .

n∈S1

X

Y (t) =

On the other hand, if n is not scheduled at t + 1, we have
) = (Un (t) − Apnn(t) ). In either case,
(Un (t + 1) − Anp(t+1)
n

A QOE-OPTIMAL ONLINE POLICY

In this section, we introduce a simple online policy, namely,
the prioritized largest deficit policy. We prove that the prioritized largest deficit policy is QoE-optimal in the sense that it
can achieve every point in the capacity region for QoE.
The prioritized largest deficit policy divides clients into two
groups, a high-priority group, denoted by S1 , and a low-priority
group, denoted by S2 , with S2 6= φ. In each time slot t+1, the
AP calculates b−Xn (t)c for all n ∈ S1 . The AP schedules an
arbitrary client n ∈ S1 with b−Xn (t)c > 0. If b−Xn (t)c ≤ 0,
for all n ∈ S1 , the AP schedules the client m ∈ S2 with the
largest value of wm (qm t−Am (t)) = wm (−Xm (t)), where wm
is a predetermined value with wm > 0, for all m ∈ S2 .
In practice, the AP may choose the high-priority group and
the weights of clients by its own pricing/service policy. For
example, the AP may charge clients a premium to be put in
the high-priority group, or to have larger wn . We note that,
in the special case where all clients are in the low-priority
group, the prioritized largest deficit policy becomes similar
to the max weight policy [21, 22] and the largest debt first
policy [8], as it schedules the client with the largest value of
wm (qm t − Am (t)) in each time slot.

4.1

Next, we study the behavior of Y (t). Let (t) := Q(t) +
P
P
Xn (t)
. Then, |(t)| ≤ n∈S1 p1n . We can now rewrite
n∈S1
pn
Y (t) as

Un (t).

n∈S1

Since Xn (t + 1) < Xn (t) unless n is scheduled in time slot
t + 1, and |Xn (t + 1) − Xn (t)| < 1, for all t, the design of the
prioritized largest deficit policy ensures that (−Xn (t)) ≥ 0,
for all n ∈ S1 and all t. Hence, Q(t) = Y (t) + Z(t) ≥ 0.
Further, Z(t) is non-decreasing and only increases when the
AP schedules a client in S1 , which is equivalent to Q(t) > 0.
Therefore, we have Z(t) − Z(t − 1) ≥ 0 and Q(t)[Z(t) −
Z(t − 1)] = 0. By a similar argument for Theorem 1, we can
establish that
Z(t) = sup max{0, −Y (τ )}.
0≤τ ≤t

(23)

L EMMA 4. [5, Lemma 6.4] Let {θk } be a sequence of real
numbers and {xk (t)} be a sequence of functions defined on t ∈
[0, 1] with xk (0) ≥ 0. Let zk (t) = xk (t) + θk + yk (t), and
yk (t) = sup0≤τ ≤t max{0, −xk (τ )−θk τ }. Suppose that as k →
∞, xk converges to a continuous function x and θk → −∞.
Then zk (t) → 0. 2
We summarize the performance of clients in the high-priority
set in the following theorem:
T HEOREM 3. Under the prioritized largest deficit policy, for
all n ∈ S1 , limt→∞ Unt(t) = pqnn , X̂n (t) = 0, and D̂n (t) = 0. 2

We also noteP
that the primary condition needed to establish
Theorem 3 is n∈S1 pqnn < 1. Theorem 3 can therefore be
P
used to establish the performance of systems with n pqnn <
1.
P
qn
C OROLLARY 1. For any system with N
n=1 pn < 1, it is feasible to achieve D̂n (t) = 0, for all n.
P
P ROOF. For a system with N
n=1

qn
pn

< 1, we can create a
P +1 qn
pseudo client N +1 and choose pN +1 , qN +1 so that N
n=1 pn =
1. We then employ the prioritized largest deficit policy by
choosing S1 = {1, 2, . . . , N } and S2 = {N + 1}. By Theorem
3, we have D̂n (t) = 0, for all 1 ≤ n ≤ N .

4.2

P
P
Now, recall that ( m∈S2 Xpm0 (t) )/ m∈S2 wm1p0 is a weighted
m
m
average of wn Xn (t). Therefore, if L(t) > 0, w1 X̄1 (t) <
wn X̄n (t), and V̄1 (t) > V̄n (t) for some n ∈ S2 . In this case,
we have dL(t)
< 0, and the fluid system is strongly stable.
dt
Therefore, the process [Vn (t)] is positive recurrent, and we
have limk→∞ Vn√(kt)
→ 0. This establishes that wn X̂n (t) =
k
P
P
X̂m (t)
( m∈S2 p0 )/ m∈S2 wm1p0 , for all n ∈ S2 .
m

Theorem 3 has already established that X̂(t) =
P
X̂n (t)
. By Theorem 4, we further have
n∈S2
pn

X qm
),
pm
m∈S

(25)

X̂n (t)
pn

=

Therefore,
D̂n (t) = sup max{0, −

T HEOREM 4. Under the prioritized largest deficit policy, for
all n, m ∈ S2 , we have wn X̂n (t) = wm X̂m (t), for all t ∈ [0, 1].
p0n := pn (1 −

n

1/wn
X̂(t).
m∈S2 1/(pm wm )

0≤τ ≤t

P ROOF. Let

P

X̂n (t) = P

Performance of the Low-Priority Group

Next, we study the performance of clients in the low-priority
group S2 . We first demonstrate that [X̂n (t)|n ∈ S2 ] has the
property of state-space collapse as described in the following:

m

X̂n (τ )
}
qn

1/(pn wn )
qn
D̂(t)/ .
1/(p
w
)
p
m
m
n
m∈S2

=P

(27)

The performance of the prioritized largest deficit policy can
then be summarized as below:

1

X Xm (t)
X
1
)/
. (26)
0
0
p
w
m pm
m
m∈S
m∈S

Vn (t) := (−wn Xn (t)) + (

2

T HEOREM 5. Under the prioritized largest deficit policy, D̂n (t) =
0 for all n ∈ S1 , and D̂n (t) is given by (27), for all n ∈ S2 . 2

2

The client with the smallest wn Xn (t) is then the one with the
P
P
largest Vn (t). We note that ( m∈S2 Xpm0 (t) )/ m∈S2 wm1p0 is
m
m
a weighted average of wn Xn (t). Therefore, maxn∈S2 Vn (t) ≥
0, with equality holds if and only if wn Xn (t) = wm Xm (t), for
all n, m ∈ S2 .
We consider the fluid limit of the system and define X̄n (t) =
limk→∞ Xnk(kt) = limk→∞ Ank(kt) −qn t, V̄n (t) = limk→∞ Vnk(kt) .
Without loss of generality, we assume that client 1 has the
largest V̄n (t) at time t in the fluid P
system. By Theorem 3,
the fluid system spends a fraction m∈S1 pqm
of time servm
ing clients in S1 , and therefore only spends a fraction 1 −
P
dX̄1 (t)
qm
=
m∈S1 pm of time serving client 1. We now have
dt
P
dX̄n (t)
0
p1 (1 − m∈S1 pqm
)
−
q
=
−q
,
∀n
6=
1 = p1 − q1 , and
n
dt
m
1, n ∈ S2 . Therefore,
P
qm
m∈S2 p0m − 1
dV̄1 (t)
0
= −w1 p1 + w1 q1 + P
0
dt
m∈S2 1/wm pm
= −w1 p01 + w1 q1 ,
P

qm
m∈S2 p0m − 1
dV̄n (t)
= wn qn + P
0
dt
m∈S2 1/wm pm

= wn qn .
P
2
1
Define a Lyapunov function L(t) =
n∈S2 2wn p0n V̄n (t) .
The Lyapunov drift is then
X
dL(t)
dV̄n (t)
1
=
V̄n (t)
0
dt
w
dt
n pn
n∈S2
X qn
=
V̄n (t) − V̄1 (t) ≤ 0,
p0
n∈S2 n
P
where the last inequality follows because n∈S2 pqn0 = 1, and
n
V̄1 (t) ≥ V̄n (t), for all n ∈ S2 .

By (22), we can derive the mean of D̂n (t) as
v
u
N
u 2t X
1/qn wn
qm 1
E[D̂n (t)] = t
(
− 1) P
,
π m=1 pm pm
m∈S2 1/(pm wm )
(28)
for all n ∈ S2 .

4.3

Achieving Every Point in the Capacity Region

Based on Theorem 5, we can design an algorithm for the
prioritized largest deficit policy to achieve every point in the
capacity region for QoE. Assume
that a vector δ = [δn ] with
P
δn ≥ 0, for all n, and
n δn ≥ 1 is given. We choose
S1 = {n|δn = 0}, and wn = pn1δn for all n ∈
/ S1 . With
this setting, we have D̂n (t) = 0 = δn D̂(t), for all n ∈ S1 , and
D̂n (t) = P δn δm D̂(t)/ pqnn ≤st δn D̂(t)/ pqnn , for all n ∈ S2 .
m∈S2

In addition, Theorem 5 and Theorem 2 provide a sharp description of the capacity region for QoE.
T HEOREM 6. The capacityP
region for QoE is the set of vectors
δ with δn ≥ 0, for all n, and n δn ≥ 1. 2

5.

STRONG APPROXIMATION OF THE
DIFFUSION LIMIT

We focus on diffusion limit in this paper because it provides a much more precise characterization of Dn (t) than the
study of fluid limit, i.e., limt→∞ Dnt(t) . Indeed, we can simply
approximate Dn (t) by D̂n (t). In this section, we establish a
strong approximation theorem for D̂(t). Our analysis is based
on the following theorem:
T HEOREM 7. [20, Theorem 4.4] Let W (t) be a martingale
with E[(W (t + 1) − W (t))2 |Ht ] < ∞ for all t. Define G(t) =

E[(W (i + 1) − W (i))2 |Hi ]. If G(t) → ∞ almost surely
as t → ∞. Also, there is a nondecreasing function f (t) such
is nonincreasing and
that f (t)
t
Z
X
x2 dP rob(W (t + 1) − W (t) ≤ x|Ht ) < ∞,
f (G(t))−1

P

i≤t

B

t≥0

(29)
where B = {x : x2 > f (G(t))}, then there exits a Brownian
motion Ŵ (t) such that
sup |W (i) − Ŵ (i)| = o((tf (t))1/4 log t),

(30)

i≤t

almost surely. 2

T HEOREM 8. For any 0 < ε < 41 , there exists a random
process D∗ (t) that has the same distribution as D̂(t), and
1

|D(t) − D∗ (t)| = o(t 4 +ε ),

(31)

almost surely.
P ROOF. We first find a Brownian motion X ∗ (t) such that
1
supi≤t |X(i) − X ∗ (i)| = o(t 4 +ε ). We choose
f (t) = [

tε
1

]4 ,

log(max{t, e ε )}
which is a nondecreasing function, and
In Section 3 we already show that
n

f (t)
t

is nonincreasing.

1
1
− 1 ≤ E[(X(t + 1) − X(t))2 |Ht ] ≤ max
− 1, (32)
n
pn
pn

and X(t + 1) − X(t) ≤ maxn p1n − 1, for all t and on all
sample paths. Therefore, there exists a sufficiently large T
such that P rob(X(t + 1) − X(t) ≤ x) = 1, for all x such that
x2 > f (G(t)), for all t > T and on every sample path. The
condition (29) then holds. By Theorem 7, there exists a Brow1
nian motion X ∗ (t) such that supi≤t |X(i)−X ∗ (i)| = o(t 4 +ε ),
√
is also
almost surely. Further, since X̂(t) := limk→∞ X(kt)
t
a Brownian motion, X ∗ (t) must have the same distribution
as X̂(t), and D∗ (t) := sup0≤τ ≤t (max{0, −X ∗ (τ )}) has the
same distribution as D̂(t).
Finally, we have
|D(t) − D∗ (t)|
=| sup (max{0, −X(τ )}) − sup (max{0, −X ∗ (τ )})|
0≤τ ≤t

0≤τ ≤t

≤ sup |X(τ ) − X ∗ (τ )| = o(t

1 +ε
4

),

0≤τ ≤t

almost surely.
In Section 7, we will demonstrate that D̂n (t) provides a
very accurate estimate for videos that are at least a couple of
seconds long through simulations.

6.

(Xn (t + 1) − Xn (t)) then has mean 0 and variance qn (1 − qn ).
√
By the functional central limit theorem, X̂n (t) = limk→∞ X(kt)
k
is a driftless Brownian motion with variance qn (1 − qn ). Since
D̂n (t) = sup0≤τ ≤t (max{0, −X̂qnn(τ ) }), we can derive the CDF
of D̂n (t) as follows:

We now state and prove our strong approximation theorem
for D̂(t):

min

In the weighted random policy, the AP randomly picks a
client and transmits a packet to it. The probability that a
client n is chosen by the AP is pqnn . Therefore, for a fixed client
n, it receives a packet with probability qn in each time slot.
We have

1 − qn , with probability qn ,
Xn (t + 1) − Xn (t) =
−qn , with probability 1 − qn .

PERFORMANCE OF POPULAR POLICIES

In this section, we discuss the performance of two popular policies, namely, the weighted random policy and the
weighted round robin policy.

T HEOREM 9. Under the weighted random policy, the CDF of
D̂n (t) is given by
xqn
−xqn
P rob(D̂n (t) ≤ x) = Φ( p
) − Φ( p
),
qn (1 − qn )t
qn (1 − qn )t
(33)
for all x ≥ 0, t ≥ 0. The expected value is
s
2t(1 − qn )
E[D̂n (t)] =
.
(34)
πqn
2
Next, we study the weighted round robin policy. In the
weighted round robin policy, the AP group time slots into
frames, where each frame consists of the T time slots {jT +
1, jT +2, . . . , (j +1)T }, for some positive integer j. The value
of T is chosen as the least number such that T pqnn is an integer
for each n. In each frame, the AP transmits to client n exactly
T pqnn times.
Under the weighted round robin policy, the number of packets that client n receives in a frame is a binomial random variable. In particular, we have Xn ((j +1)T )−Xn (jT ) = i−T qn

with probability T qni/pn pin (1−pn )T qn /pn −i . Xn ((j +1)T )−
Xn (jT ) then has mean 0 and variance T qn (1 − pn ). By the
functional central limit theorem, for a fixed integers i and j,
)−Xn (kiT )
√
limk→∞ Xn (k(j+i)T
is a Gaussian random variable
k
with mean zero and variance T qn (1 − pn )j. Further, for all
t ∈ [jT, (j + 1)T ], |Xn (t) − Xn (jT )| ≤ T . Therefore, X̂n (t)
is a Brownian motion with mean 0 and variance qn (1 − pn ).
We then have
T HEOREM 10. Under the weighted round robin policy, the
CDF of D̂n (t) is given by
xqn
−xqn
P rob(D̂n (t) ≤ x) = Φ( p
) − Φ( p
),
qn (1 − pn )t
qn (1 − pn )t
(35)
for all x ≥ 0, t ≥ 0. The expected value is
s
2t(1 − pn )
.
(36)
E[D̂n (t)] =
πqn
2
In order to compare the performance of the weighted random policy and the weighted round robin policy against that
of the prioritized largest deficit policy, we consider the symmetric case that all clients have the same channel reliability
and they consume packets at the same rate. In particular, we

as N increases. With 50 clients, P rob(D̂nW RR (1) ≤ 2) =
0.22, P rob(D̂nW R (1) ≤ 2) = 0.16, while the distribution of
D̂nP LD (1) remains unchanged.
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(b) N = 50
Figure 2: Comparisons of the three policies in a symmetric
system.
p
. We also set S1 = φ and δn ≡ N1 for
set pn ≡ p and qn ≡ N
the prioritized largest deficit policy. By (19), (21), and (22),
we have, under the prioritized largest deficit policy,

xp
−xp
P rob(D̂n (t) ≤ x) = Φ( p
) − Φ( p
).
p(1 − p)t
p(1 − p)t
(37)
and
s
E[D̂n (t)] =

2t(1 − p)
.
πp

(38)

Since qn < p, it is easy to see that
D̂nP LD (t) ≤st D̂nW RR (t) ≤st D̂W R (t),
where D̂nP LD (t), D̂nW RR (t), and D̂W R (t) denotes D̂n (t) under the prioritized largest deficit policy, the weighted round
robin policy, and the weighted random policy, respectively.
To illustrate the difference between the three policies, we
plot the CDF of D̂n (1) under the three policies for systems
with 10 clients and 50 clients in Figure 2. We set p = 0.5
in both cases. Clearly, the prioritized largest deficit policy
achieves much smaller D̂n (1) than the other policies. In the
system with 10 clients, P rob(D̂nP LD (1) ≤ 2) = 0.95, which is
more than twice as large as P rob(D̂nW RR (1) ≤ 2) = 0.47 and
P rob(D̂nW R (1) ≤ 2) = 0.35. The difference becomes larger

SIMULATION RESULTS

We have implemented our prioritized largest deficit policy,
as well as the weighted round-robin and the weighted random policies in ns-2. In this section, we present our simulation results. In all simulations, we consider an IEEE 802.11a
system where the AP transmits data at 54 Mbps. The time
needed to transmit a packet and to receive an ACK is about
660 µs. All results presented in this section are the average
of 50 simulation runs.
P
We first consider a system with 30 clients and n pqnn = 1.
We divide the clients into three groups: 10 clients are in the
high-priority group, 10 clients are in the low-priority group
with wn = 2, and the other 10 clients are in the low-priority
group with wn = 1. Each group is further divided into two
subgroups where clients in the first subgroup have pn = 0.75
1
, while clients in the other subgroup have pn =
and qn = 40
1
0.5 and qn = 60
. We simulate this system under different
policies and compute the average outage of each client in each
of the six subgroups.
Fig. 3 demonstrates the simulation results, where we use
“PLD,” “WRR,” and “WR” to denote the prioritized largest
deficit policy, the weighted round robin policy, and the weighted
random policy, respectively. We also plot the estimate of Dn (t)
using Dn (t) ≈ D̂n (t), which is denoted by “predict.” As can
be seen in the figure, diffusion limit provides a very accurate
estimate of Dn (t) for each subgroup even for a small duration
of time. This result suggests that D̂n (t) is suitable for estimating the performance of on-demand video streams. In contrast,
since limt→∞ Dnt(t) = 0, for all n and for all simulated policies, it is clear that limt→∞ Dnt(t) = 0 fails to capture important characteristics of videos with finite lengths. Further,
we can also observe that the prioritized largest deficit policy
outperforms the other two policies by large margins in all subgroups. Even for the low priority group with wn = 1, which
has the highest outage under our policy, the outage under our
policy is still less than half of that under the other policies, as
shown in Figs. 3(e) and 3(f).
Next,P
we consider a system that is slightly under-loaded,
that is, n pqnn < 1. The system setting is very similar to that
in the previous paragraphs. The only difference is that we
1
now set pn = 0.75, and qn = 40
for half of the clients, and
1
pn = 0.5, qn = 65 for the other half. Under this setting, we
P
25
.
now have n pqnn = 26
Simulation results are shown in Fig. 4. Clearly, the prioritized largest deficit policy still outperforms the other two
policies. Even for the two subgroups in the low priority group
and have wn = 1, their average amounts of outage within 20
seconds are only 25 and 23 time slots. Since wireless systems
rarely operate on the boundary of the capacity regions, the
simulation results show that our policy is still preferable for
practical systems. We notice that the weighted round robin
policy is in general better than the weighted random policy.
This is consistent with the analysis in Section 6.
Finally, we evaluate the scenario where clients may buffer
incoming packets and only start the playback when the number of packets in the buffer exceed a certain threshold. This
is a popular approach to mitigate uncertainties of networks
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Figure 3: Average outage for a system with

[15, 17, 23]. We consider the same system as that for Fig. 3.
However, we assume that, when the system starts, each client
has a certain number of packets in its buffer. We then simulate
the per-client average outage in five minutes for different initial buffer sizes. To make the comparison fair, the prioritized
largest deficit policy sets S1 = φ and δn ≡ N1 . In addition,
we also compute the portion of clients that do not suffer from
any outage in five minutes time.
Simulation results are shown in Fig 5. It is shown that
our policy outperforms the other two greatly. With an initial buffer size as small as 25 packets, which corresponds to
less than one second’s video content, 96% of the clients do not
encounter any outage through the playback under our policy.
On the other hand, even when the weighted round-robin policy starts with an initial buffer size of 125 packets, its average
video halt duration is still more than 5 times larger than that
under our policy with an initial buffer size of 25 packets.
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RELATED WORK

Many recent studies on video streaming have shifted emphasis from traditional quality of service (QoS) metrics, such
as average delay and delay jitter, to QoE metrics that provide more direct measure on the perceived quality of end
users. Video streaming needs to meet the strict deadline of
each packet. Some studies model QoE by assuming that deadline misses cause packet losses and glitches in playback. Hou
et al. [8], Jaramillo et al. [9], Li and Eryilmaz [13], Kim et

5

10
Time (sec)

15

20

(f) Low priority, pn = 0.5, qn =
1/60, wn = 1
qn
n pn

P

= 1.

al. [12] and Kang et al. [11] study the scheduling problem
when each user has its requirements of per-packet deadline
and deadline miss ratios. Li et al. [14] consider broadcasting
an on-demand video stream where all packets are present at
the beginning, but different packets have different deadlines.
They then propose a network coding scheme to minimize the
amount of packet losses.
In this paper, we focus on the scenario where deadline misses
do not cause packet losses. Rather, they make video playback
halt. Singh et al. [18] consider the radio resource management problem to reduce video halt. Chandur and Sivalingam
[4] propose a scheduling heuristic to improve QoE. Bhatia et
al. [2] propose a scheduling policy that exploits slow fading
for on-demand video streaming. Joseph and de Veciana [10]
propose a joint rate control and scheduling algorithm for optimizing QoE. These studies only focus on long-term average
performance, and may be inadequate to capture important
characteristics for videos with finite lengths.
Xu et al. [23] study the probability that video playback
halts under a fixed scheduling discipline. ParandehGheibi et
al. [17] study the tradeoff between rate, initial buffer size,
and the probability of video halt. Anttonen and Mammelaa [1] derive an upper-bound of video halt probability for
a G/G/1 queue. Yang et al. [25] uses large deviation theory
to approximate video halt probability. These studies focus on
the performance of a single user and does not consider the
scheduling problem in a multi-user network.
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Figure 4: Average outage for an under-loaded system.

9.

CONCLUSIONS

In this paper, we study the capacity of wireless networks in
providing quality of experience for on-demand video streams.
We characterize the performance of a stream by the diffusion
limit of its video halt duration. We derive a closed-form expression for the capacity region for QoE. We also propose a
QoE-optimal scheduling policy that achieves every point in
the capacity region. In addition, we study the performance
of two other widely-used scheduling policies. Both theoretical analysis and simulation results demonstrate that our QoEoptimal policy outperforms other policies by large margins.

10.
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